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The Faber—Krahn inequality

M(Q) = inf {/ |Vul?dx : ull 2 = 1}
Q

uEWF3(Q)

At fixed volume, balls minimize the first Dirichlet eigenvalue.

Ball B Domain

circular membrane boundary 02
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The classical Pélya—Szeg6 proof

For u >0, set my,(t) % |{u > t}|. Define
u(s) Zinf{t >0:my(t) <s}, 0<s<|Q

u*(x) = u® (walx|), x € Bg.

Here Bq is centered at 0, and ||u*|]2 = ||ul|2.

Pélya—Szeg6: rearrangement does not increase the Dirichlet energy.
/ |Vu*|?dx < / |V ul? dx.
Ba Q

For a first eigenfunction u, normalized by |ulj2 = 1,

/\1(BQ)§/ |Vu*|2§/\Vu|2:)\1(Q).
Bq Q
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Quantitative stability: how close is the drum to a ball?

Distance to the family of balls Scale-invariant deficit
A(Q) = inf = AQBF(Z). 0r(Q) = 17 "A1(Q) — B "\(B).
ze
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Sharp stability: a bit of history

Earlier stability used stronger geometric distances
e Diskant (1972): for convex bodies, the isoperimetric deficit controls a Hausdorff-type
deviation from a ball.?

e Fuglede (1989): write a nearly spherical boundary as a radial graph and control its
deformation by the perimeter deficit; convexity gives a global result.?

e Hansen—Nadirashvili (1994) and Melas (1992): early quantitative Faber-Krahn estimates
use the inradius or nested-ball distances, under convexity or planar assumptions.3

For arbitrary open sets, symmetric difference is the robust distance.

IDiskant (1972), “Deviation of convex bodies and isoperimetric difference”.

2Fuglede (1989), “Stability in the isoperimetric problem".

3Hansen and Nadirashvili (1994), “Isoperimetric inequalities in potential theory”; Melas (1992), “The stability of some eigenvalue
estimates’.
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Sharp stability: a bit of history

Geometric foundation: quantitative isoperimetry
Per(E) — Per(Bkg)

A(EY < Cln) =5 L

|Be| = |E].

e Fusco—Maggi—Pratelli (2008): the sharp quadratic inequality, proved by symmetrization.®
e Figalli-Maggi—Pratelli (2010): a mass-transport proof and the anisotropic inequality.?

e Cicalese—Leonardi (2012): the selection principle, based on penalization and regularity.?

1Fusco, Maggi, and Pratelli (2008), “The sharp quantitative isoperimetric inequality”.

gg Pq p quality
2Figalli, Maggi, and Pratelli (2010), “A mass transportation approach to quantitative isoperimetry’.
3Cicalese and Leonardi (2012), “A selection principle for quantitative isoperimetry’.
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Sharp stability: a bit of history

Result Estimate Constant
Fusco-Maggi—Pratelli (2009)* A* < C(n)dpk  computable
Brasco—De Philippis (2017)? A3 < C(n)dpk  computable

Brasco—De Philippis—Velichkov (2015)* A2 < C(n)dpx  non-explicit

e The power 2 is optimal.

e The sharp proof uses the Cicalese—Leonardi selection principle and contradiction.

LEusco, Maggi, and Pratelli (2009), “Stability estimates for Faber—Krahn inequalities”.
2Brasco and De Philippis (2017), “Spectral inequalities in quantitative form”.
3Brasco, De Philippis, and Velichkov (2015), “Faber—Krahn inequalities in sharp quantitative form”.
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Effective sharp stability

Brasco—De Philippis, Open Problem 2: obtain a computable constant with the sharp
exponent.!
Guerra—M.—Ramos (2026)

For every n > 2 there is a computable Crg(n) > 0 such that every open Q C R”, 0 < |Q] < o0,
satisfies

The constants and all smallness thresholds can be traced through the proof.

Route: torsion level sets, their speed of motion, and strong quantitative isoperimetry.2

1Brasco and De Philippis (2017), “Spectral inequalities in quantitative form”, Open Problem 2.
2Fusco and Julin (2014), “A strong form of the quantitative isoperimetric inequality”; Hensel and Laux (2026), “Quantitative isoperimetry:
a calibration argument”.
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Saint—Venant stability transfers to Faber—Krahn

Saint—Venant

—Au=1 inQ,
T(Q):/udx.
u=20 on 09, Q

Balls maximize torsion at fixed volume:
T(Q) < T(Ba), |Ba| = (]
For |Q| = w, et |B1|, set

def.

osv(2) = T(B1) — T(Q).
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Saint—Venant stability transfers to Faber—Krahn

Saint—Venant Kohler—Jobin?

{—Au =1 inQ, M(Q)T(RQ)72 = Ay (By) T(By) 7.

T(Q) = / udx.
u=20 on 09, Q Consequently,

Balls maximize torsion at fixed volume: Ssv(Q) < C(n)orx(Q),
T(Q) < T(Ba), |Bal = [92]. where C(n) is computable.
For ‘Q| = Wn d;c ‘Bl|' set ZKohler-Jobin (1978), “Une méthode de comparaison
5SV(Q) d;‘ T(Bl) B T(Q) :csr::i::;ié::’(.que”; Brasco (2014), “On torsional rigidity and principal
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Saint—Venant stability transfers to Faber—Krahn

Saint—Venant Kohler—Jobin?

{—Au=1 in . (@) /Q . M(Q)T(Q)7E > Ay (B1) T(By)72.

u=20 on 09, Consequently,

Balls maximize torsion at fixed volume: Ssv() < C(n)drx(Q)
T(Q) < T(Ba), |Bal = |- where C(n) is computable.
def.
For ‘Q| =Wwp = ‘Bl|' set ZKohler-Jobin (1978), “Une méthode de comparaison
of. isopérimétrique”’; Brasco (2014), “On torsional rigidity and principal
5SV(Q) g T(B]_) - T(Q) frequencies”.

< C(n)ork(R2)

AQ)? < C(n)dsv(Q) = | A(Q)?

~—
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A level-set proof: the required notation

For the torsion function u = uq, set
Ei={u>t}, mt)=|E|,  c,=n??"

For almost every t, coarea and the equation —Au =1 give

n—1
a(t) “:‘/ R e, B “:‘/ V| M = m(t).
o-g |Vl O E,

Two nonnegative defects
def.

Dy(t) = a(t)B(t) — Per(E;)? >0 (Cauchy-Schwarz),
D(t) s Per(E;)? — c,m(t)>%/" >0 (isoperimetry).

9" E;: reduced boundary; Per(E;) = H" (9" E:).
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The torsional deficit separates two mechanisms

Theorem (Exact torsional deficit identity)

llull oo
osv(Q) = /0 % dt.

Proof: the rearrangement profile. For 0 < s < wy, let u°(s) = inf{t: m(t) < s}. Then

1

m(u®(s)) = s, (u®)(s) = O] a.e.
Set . a2
= u’(o)do = s .
()= [ wieyar 6= 2
Thus y
, B UO 2/n ” _ 1 s2 n—1
G (S) - (S) + [21/,,7 G ( ) (UO(S)) + Cn
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The torsional deficit separates two mechanisms

Theorem (Exact torsional deficit identity)

A simple integration, using the change of variables s = m(t), gives

e A G ) R A e i o) R

:/Ouuuoo (cnn:n((tt))ci(*?/" _m(t)> d
-/ i (a(rm(r) — Per(E)* | Per(E:) - cnm(r)z-Z/") a

Cnm(t)l—Z/n Cnm(t)l—Z/n

_ /”“”“’ Du(t) + Di(t) 4,

Cnm(t)l—Z/n
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The torsional deficit separates two mechanisms

Theorem (Exact torsional deficit identity)

Proof: integration by parts. Equimeasurability gives /(w,) = T(Q2), hence

S _ _wn
2n’
Since u° is bounded, sG'(s) — 0 as s | 0. Therefore

/Ow sG"(s)ds = [sG / G'(

- T(Q) -

G0)=0, G'(wn)=

- 2n 2(n - 2)
Wn _
= i) —T(2) = 0sv(Q). O
~—
T(B1)
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The torsional deficit separates two mechanisms

Theorem (Exact torsional deficit identity)

lu]l oo
(55\/(Q) = /0 % dt

Since Dy, D; > 0, the identity gives dsv(2) > O; this proves the Saint—Venant inequality.
Dy: variation of |Vu| along 9™ E; D;: geometry of E, via isoperimetric deficit

oscillation of [Vu| on OF; isoperimetric deficit / far from a ball

/ fast oscillation thin tentacle

o

\ same area,

ball-like level set :
larger perimeter

(same area)

ball-like level set
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Differentiating the moving-ball distance

On O0*E,, let v, be the outer unit normal and set
P r

aer. W(p) Hy ) (x) (x —2) - vp(x) v 4t Per(Bp)

VT X = p ’ P Per(E,)

V, is the normal speed of the level set; H, , is the normal speed of dilation about z.

For an optlmal center z, for almost every p,

n - e - ne
)< “alp) +/ IV, — V,|aH 1+/ IV, — H,, ML
p 9*E, o~

P

Iy —dilation I, —sspeed oscillation I3—sgeometric mismatch
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Differentiating the moving-ball distance

On 0*E,, let v, be the outer unit normal and set

det. W(p) Hy () % (x — 2) - v,(x) vt Per(B,)

VT X = p ’ P Per(E,)

V, is the normal speed of the level set; H, , is the normal speed of dilation about z.

For an optlmal center z, for almost every p,

n — _ — e
)< “alp) +/ IV, — V| an” 1+/ IV, — H,, ML
p 9*E, o~

P

Iy —dilation I, —sspeed oscillation I3—sgeometric mismatch

e |1 associated to Dj(p) by quantitative isoperimetry
e |, associated to Dy(p),

e [3 associated to normal oscillation ... can it be controlled with D, or Dy?
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ng isoperimetry controls the normal directions

Theorem (Fusco—Julin; Hensel-Laux — effective local form)

For n > 2 and Ry > 2, there are computable constants egy, Cgy > 0, depending on n, Ry, such
that every set of finite perimeter F C Bg, with

|F| = wp, /de:O7 Per(F) — Per(B1) < ery,
F
satisfies
VE —

2
|F A By |? +/ dH" ' < Cpy(Per(F) — Per(By)).

X
[x]

“F

Hensel-Laux: a local calibration argument makes this effective.

Apply at the barycenter Z,, then transfer to an optimal center z,.!

1Fusco and Julin (2014), “A strong form of the quantitative isoperimetric inequality”; Hensel and Laux (2026), “Quantitative isoperimetry:
a calibration argument”.
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Strong isoperimetry controls the normal directions

/ Jfast oscillation thin tentacle

g

? \ same area,

ball-like level set g
larger perimeter

(same area)

ball-like level set

The strong normal estimate, paired with Cauchy-Schwarz for Dy, controls precisely the two
variation terms in ¢’(p):

/ ‘Vp - Vp‘ dn"t < DH(t(P))l/za / |Vp - Hzp7p| dH" < CDI(t(P))l/z-
O*E, *E,

speed variation normal mismatch

The variations of the moving-ball distance are controlled by Dy and D;.
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The two defects control the growth of g

For p € [p«, 1] with D;(t(p)) < n;, we have

[ Vo= Vilant < Due(p) 2
o*E,

/ |Vp - H2p7/1| dH"t < CD/(t(p))1/2.
&*E,

The differential estimate

q'(p) < Zq(p) + Du(t(p))"/* + CDy(t(p)) />

he)

Also g(p)? < C(n)Dy(t(p)) by quantitative isoperimetry.

1Figalli, Maggi, and Pratelli (2010), “A mass transportation approach to quantitative isoperimetry’.
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Saint—=Venant in a bounded domain
Q C Bg, |Q| = Wp
I

Y ¥
Exact deficit identity Moving-ball estimates
Du(t) + Di(t) n 1/2 1/2

!

‘ Strong quantitative isoperimetry ’

Faber—Krahn

Effective sharp Kohler—Jobin Effective sharp
Saint—Venant
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Proof in a bounded setting

The final argument now connects the end-point of the moving ball distance

q(1) = wpr A(Q),

and the explicit Saint—Venant identity

B llull o Du(t)+ Di(t) |, L Dy(t(p)) + Di(t(p))
dsv(Q2) —/0 dt_/o

cam(t)1=2/7 Nwnp—2

w(t(p))dp

connected via the upper bounds on ¢’ and give the key H*-type control on ¢/, =t max{q’,0}:

The averaged estimate

1
[ (@0 + (@002 dp < €0, R)Bsv (). (d, € HY)

P
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A one-line endpoint argument finishes the proof

For every s € [p., 1], the fundamental theorem of calculus gives

q(1) = q(5)+/ q'(p)dp < q(5)+/ q’.(p) dp.

Average in s and apply Cauchy-Schwarz:

/1 q(s) d5+/1 . (p)dp

1—[)* * P

q(1) <

, (¢} € HY)
< C(lallez(e,ny + 1164 lli2p1)) < Cln, R)Vdsv(Q).

Since (1) = wpA(Q), we conclude

Sharp Saint—Venant stability in a bounded domain
A(Q)? < C(n,R)dsv(Q), QC Bk
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Truncation removes the boundedness assumption

Brasco—De Philippis—Velichkov truncation:' cut where u is small, then renormalize the
volume.

Torsion function « on § Torsion function on the truncated domain QN By,

() Why truncation is cheap

De Giorgi tail estimate

[[ull Lo (@\By11)
< C(n)|Q\ Bi|M".

i A small geometric tail makes

(very small volume)

i

|2\ By is small
(by non-optimal

S u uniformly small where we

cut.

1Brasco, De Philippis, and Velichkov (2015), “Faber—Krahn inequalities in sharp quantitative form”, Lemma 5.3.
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Truncation removes the boundedness assumption

Brasco—De Philippis—Velichkov truncation:! cut where u is small, then renormalize the
volume.

Since A(Q) < 2, we may assume dsv () < d.(n) after increasing the final constant.

Choose k = k(n)

Cubic Saint-Venant | HDe G| ?(st)i‘r;?;e‘l/ U QN By
> UlLo° (Q\Byy1) < n k " ~ def. _ ,;
A(Q)? < G(n)dsv(R) < C(n)d.(n)/G" Q :~(|U|/Wn) Yy
Q C Bd(n)

Ssv(Q) = osv(Q),  A(Q) =~ AQ)

1Brasco, De Philippis, and Velichkov (2015), “Faber—Krahn inequalities in sharp quantitative form”, Lemma 5.3.
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Truncation removes the boundedness assumption

Brasco—De Philippis—Velichkov truncation:! cut where u is small, then renormalize the
volume.

Since A(Q2) < 2, we may assume dsv(2) < d.(n) after increasing the final constant.

Choose k = k(n)

Cubic Saint-Venant | HDe ] ?(st)i‘r;?;e‘l/ U Qn B
> lie@an) < CMIR\BY" > < e “i/n
AQ)? < G(n)dsv(Q) O Canren || 2 (U fwn) U
Q C Bd(n)

Theorem (Guerra—M.—Ramos)
For every n > 2 and every normalized open Q, with computable dimensional constants,

A(Q)? < Csv(n)dsv(Q) A(Q)? < Grx(n)drk(Q).

Kohler—Jobin
=

1Brasco, De Philippis, and Velichkov (2015), “Faber—Krahn inequalities in sharp quantitative form”, Lemma 5.3.
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Merci |
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