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Abstract. We give a new, simpler proof of sharp stability for the Prékopa–Leindler in-
equality. In contrast to the main arguments from Figalli, van Hintum and Tiba [FvHT25a],
our proof hinges mostly on the sharp stability theory for the Brunn–Minkowski problem,
developed by the same authors [FvHT23], and on the idea of using a height transportation
approach in order to match level sets.

As a by-product of our techniques, we are able to prove the sharp dependency on τ =
min{λ, 1− λ} in the Prékopa–Leindler stability constant whenever one of the inputs is loga-
rithmically concave, producing a new, simplified proof of two of the main results from [FvHT25a].

Finally, in the same fashion as Kristály and Pîrvuceanu [KP26], we are able to obtain
new stability results for the Bakry-Emery log-Sobolev inequality and for the Talagrand in-
equality. Due to the sharpness of the inputs, these results are optimal in terms of exponents.
We moreover show that the L1 nature of the distance in such results cannot in general be
improved to any other Lp distance, where p > 1.

Keywords. Prékopa–Leindler inequality; Brunn–Minkowski inequality; quantitative sta-
bility; log-concave functions; optimal transport; logarithmic Sobolev inequality; Talagrand
inequality.

2020 Mathematics Subject Classification. Primary 39B62, 52A40; Secondary 26D15,
49Q22, 52A20, 26D10, 60E15.

Contents

1. Introduction 1
Acknowledgments 7
Statement of LLM usage 8
2. The height transport method for the Prékopa-Leindler inequality 8
3. The quantitative height transport proof 14
4. Once again, but faster: one log-concave input and beyond 28
5. Application to the log-Sobolev and Talagrand inequalities 43
References 49

1. Introduction

In recent years there has been an increasing interest in the geometry of log-concave func-
tions. These objects and their theory can be interpreted as a functional version of the Brunn-
Minkowski theory developed for convex bodies [Gar02, Sch13,Rot22], and play a pivotal role
in theoretical guarantees of sampling algorithms [LV07]. One of the major structuring tools in
this theory is the Prékopa-Leindler inequality, which gives a concavity principle to the natural
generalization to the notion of log-concave volume in this geometry, as observed for instance
in [CEK15].

The Prékopa-Leindler inequality says that given three measurable functions f, g, h : Rn →
R+ satisfying the Prékopa condition: for some λ ∈ (0, 1) it holds that

(1.1) h(λx+ (1− λ)y) ≥ f(x)λg(y)1−λ, for all x, y ∈ Rn,
1
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then this inequality can be lifted to their integrals, namely

(1.2)
ˆ
Rn

h(x)dx ≥
(︃ˆ

Rn

f(x)dx

)︃λ(︃ˆ
Rn

g(x)dx

)︃1−λ
.

To emphasize the geometry of log-concave functions, it is often formulated in terms of two
functions f, g and their Asplund sum, defined as

(1.3) hλ(z)
def.
= sup

z=λx+(1−λ)y
f(x)λg(y)1−λ.

Then of course, any function h such that f, g, h satisfy (1.1) is bigger than hλ and this one is
the sharpest function for which (1.2) may hold.

Since the recent contribution of Figalli-van-Hintum-Tiba [FvHT25b], this inequality has a
sharp quantitative version, which can be interpreted as a strong concavity principle for the
natural notion of volume in this geometry. This has found many applications to the stability
of other functional and transport inequalities, as well as other variational problems that are
central in log-concave geometry [MR25,BR26,KP26].

Theorem 1.1. For every n ≥ 1, there exists a dimensional constant Cn > 0 such that the
following holds. Let f, g, h : Rn → R+ be integrable functions satisfying the Prékopa condi-
tion (1.1) for some λ ∈ (0, 1), with ∥f∥L1 , ∥g∥L1 > 0. Assume that at least one of f, g is
log-concave such that almost equality holds

ˆ
Rn

h(x)dx ≤ (1 + δPL)

(︃ˆ
Rn

f(x)dx

)︃λ(︃ˆ
Rn

g(x)dx

)︃1−λ
,

where τ def.
= min{λ, 1− λ}. Then we have that

(1.4) inf
z∈Rn

⃦⃦⃦⃦
f

∥f∥L1

− g(·+ z)

∥g∥L1

⃦⃦⃦⃦
L1(Rn)

≤ Cn

√︃
δPL
τ
.

The exponent 1/2 and the order of dependence on λ are optimal. Moreover, one may choose
Cn ≤ eCn for an absolute constant C.

Remark 1.2. Keeping track of the dimension is useful here. The factor Cen obtained when
joining the translations is only one part of the stability constant: one must also include
the polynomial factors from the height estimates and the dimensional constant from Brunn–
Minkowski. Together, these give the bound eCn in Theorem 1.1, both for two log-concave
inputs and for a single log-concave input.

For comparison, Theorem 1.9 and Remark 1.10 in the second arXiv version of [FvHT25a]
(6 October 2026), specialized to p = 0, give a constant of order nO(n) multiplying the same
factor

√︁
δPL/τ . Thus the dimensional upper bound obtained here improves the one stated

there; we do not, however, claim that this specific dependence on n is optimal. For general
inputs, the constants and the smallness threshold in the Brunn–Minkowski input remain part
of our estimate, as recorded in Section 4.4.

With minor modifications to our proof, the same result holds for arbitrary integrable func-
tions f, g and h, but with a non-optimal dependence on λ. We refer to Section 4.4 for a
discussion of this case. On the other hand, as discussed below in this introduction, we be-
lieve that our proof is particularly well suited to the case of log-concave functions, and we
expect that the optimal dependence on λ is rightly simplified by the following argument due
to [BD21].

Corollary 1.3. Under the assumptions of Theorem 1.1, assume in addition that both f and
g are log-concave. Then the midpoint case of estimate (1.4) implies the full estimate for every
λ ∈ (0, 1), up to a universal multiplicative change in Cn.
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Proof. Let f, g be log-concave functions, and assume without loss of generality that f, g are
normalized so that ˆ

Rn

f(x)dx =

ˆ
Rn

g(x)dx = 1.

Define their Asplund interpolation as

ht(z)
def.
= sup

z=tx+(1−t)y
f(x)tg(y)1−t, and set Φ(t)

def.
=

ˆ
Rn

ht(z)dz.

As a result, the Prékopa-Leindler inequality implies that

t ↦→ log Φ(t) is concave, and Φ(0) = Φ(1) = 1.

Up to swapping f, g, we can assume that λ ≤ 1/2, so that log concavity gives

log Φ(λ) = log Φ

(︃
2λ · 1

2
+ (1− 2λ) · 0

)︃
≥ 2λ log Φ(1/2).

Thanks to the chosen normalization, the deficit of the Prékopa-Leindler inequality with
convexity parameter t is given by

t ↦→ δPL(t)
def.
= Φ(t)− 1,

hence assuming that the stability result holds for t = 1/2 with a universal stability constant
Cn, we obtain the log-concavity of Φ that

1

Cn
inf
z∈Rn

∥f − g(·+ z)∥2L1(Rn) ≤ δPL(1/2) ≤ (1 + δPL(λ))
1
2λ − 1.

Since ∥f − g(·+ z)∥L1(Rn) ≤ 2, up to increasing the constant Cn it suffices to treat δPL(λ) ≤ λ.
In this case,

(1 + δPL(λ))
1
2λ − 1 ≤ exp

(︃
δPL(λ)

2λ

)︃
− 1 ≤ δPL(λ)

λ
,

and the above estimates give

inf
z∈Rn

∥f − g(·+ z)∥L1(Rn) ≤ Cn

√︃
δPL(λ)

λ
.

Since τ = λ and the original h dominates hλ, the result follows by mass normalization. □

Scheme of the proofs. Our first contribution is a new height transport proof of the classical
Prékopa-Leindler inequality, which also yields a full characterization of the equality cases
discovered by Dubuc [Dub77]. The height transport method is based on the intuition that the
Prékopa–Leindler inequality is the functional version of Brunn–Minkowski, and therefore it
would be natural to expect a proof of the former by matching pairs of heights of the functions
f, g and applying the latter inequality to the corresponding matched level-sets, as illustrated
in Figure 1.

As a result, besides the Brunn-Minkowski theory enabling this argument, the backbone of
the proof relies on how to match these level sets. The naive, but natural, strategy of matching
sets of the same height quickly finds complications if the two functions f, g have different
maxima, since in this case many heights of one of them would become unmatched. Instead,
this matching is performed by means of the Brenier map transporting the heights distributions,
defined as

|Ft|dt, |Gt|dt, where Ft = {f > t}, Gt = {g > t},
onto each other, see Figure 2. This map is defined as the minimal map, whenever it exists,
in the L2-optimal transport problem between two measures µ, ν ∈ P(Rd) by the map that
minimizes the following problem whose value is the squared 2-Wasserstein distance

W 2
2 (µ, ν)

def.
= inf

T♯µ=ν

ˆ
Rd

|x− T (x)|2dµ(x),
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f

g

Ft

GT (t)

t

T (t)

R2

T

Figure 1. The qualitative mechanism: comparing suitable level sets via the
Brunn–Minkowski inequality.

where T♯µ denotes the pushforward measure given by T♯µ(B) = µ(T−1(B)), for any Borel set
B ⊂ Rd. The quantity W2 is known to define a distance between probability measures [ABS21,
Vil09], and Brenier’s theorem [Bre91] asserts that whenever µ≪ L n, this infimum is attained
by an unique map T = ∇φ, which can be proven to be the gradient of a convex function.

In our case, where we consider the transport of height distributions, the map T : R →
R coincides L 1-a.e. with a monotone function, which will be used extensively throughout
our arguments. In addition, this choice seems particularly fitting as it mirrors the use of
the Brenier map in the proof of the Brunn-Minkowski inequality via Gromov’s argument,
see [FMP09,FMP10], where the particular structure of the Brenier map has historically played
a crucial role in proving sharp stability results.

0
t

T
t T (t) ∥f∥∞ ∥g∥∞

|Ft| |Gt|
equal shaded mass

Figure 2. Heights are matched via the Brenier map transporting the height
distribution of each function.

This strategy of first matching heights via an optimal transport step and then comparing
the resulting family of convex bodies via Brunn–Minkowski naturally suggests a quantitative
extension. Indeed, as we shall see, this argument leads to an expression where the deficit of
the Prékopa–Leindler inequality bounds an integral quantity of the Brunn-Minkowski deficit
between matched level sets. The issue is that each Brunn-Minkowski deficit naturally gives
rise to a translation of a pair of matched level sets, yielding a continuum of such translations.
To circumvent this problem, the idea is now to consider chunks of level-sets, see Figure 3.
This forces us to pass to a suitable logarithmic scale, since chunks of level sets of log-concave
functions are not necessarily convex bodies anymore. In fact, this change of scale is quite
convenient as it allows us to work with the associated convex potentials and obtain many useful
estimates, cf. Lemma 3.1. More importantly, we can then apply the quantitative version of
Brunn-Minkowski to pairs of chunks, which require only countably many translations instead
of a continuum.
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(a) The two log-concave functions

f =Me−V

g =Me−W

(b) A level and its symmetric difference

q

Aq
Bq
Aq△Bq

V W

(c) Two translated epigraph chunks

r + 2

r − 2

Er

Fr − (z, u)

u

z

Figure 3. The quantitative mechanism: from levels to chunks.

On the other hand, another problem arises with this simplification: if before the Brunn-
Minkowski inequality would give rise to a translation in the ambient space, applying it for
level set chunks gives rise to a translation in the natural space of the epigraph, meaning a
translation (z, u) ∈ Rn+1 composed of a horizontal translation and a height translation. The
information on both sources of translations is contained in the height distributions, which in
the logarithmic scale assume the form

dµ(q) =Me−qa(q)dq, dν(q) =Me−qb(q)dq,

where a(q) = |{V < q}| and b(q) = |{W < q}|, for convex functions V,W such that f =Me−V

and g =Me−W .
In fact, all the information on both types of translations is encapsulated in a suitable

distance between µ, ν, and we prove the following bounds: there is a dimensional constant Cn
such that

∥µ− ν∥L1(R) ≤ Cn
√︁
δPL, W 2

2 (µ, ν) ≤ Cn
√︁
δPL.

While the L1 norm is a vertical distance, shown to be the natural quantity to control the
averaged vertical translations furnished by Brunn–Minkowski, the Wasserstein distance W2 is
a horizontal distance and is shown to control the translations in the ambient space.

Our final argument, see the scheme in Figure 4, then goes as follows: first the L1 bounds
allow us to remove the height translations coming from the application of Brunn-Minkowski in
the epigraph space, while only paying a factor of the order

√
δPL, our final estimate. Finally,

for the horizontal translations, we naturally cannot remove them all together, as it is a natural
symmetry of the inequality. Taking however sufficiently large chunks, in such a way that they
overlap, enables us to show that, since each chunk carries information of both its predecessor
and successor, all horizontal translations cannot vary too much and might be chosen to be the
same.

(a) Overlap of consecutive chunks

rk − 2

rk+1 − 2

rk + 2

rk+1 + 2

Erk ∩ Erk+1

(b) Two translated chunks of W

V W

Frk+1 − (zk+1, 0)

Frk − (zk, 0)

(c) Four shifted chunks of g

f = Me−V

g = Me−W

g after four shifts

Figure 4. The quantitative mechanism: chunk overlap allows for a common translation.
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One log-concave input and beyond. The qualitative proof is completely independent of
the log-concavity of the functions f, g. For the quantitative case, this property gives quantita-
tive growth rates to the densities µ, ν in logarithmic scale, which is useful in the two distance
estimates described above.

Without these assumptions, these estimates can still be proven if we adapt the way that
we select level sets to form chunks. We show that the way of constructing level set chunks
described above is equivalent to performing convolutions with a squared window kernel. We
show then that, without the growth properties endowed by the log-concave geometry, analogous
Wasserstein estimates can be obtained if we replace this kernel with a smoother one, satisfying√
κ ∈ H1(R).
The only issue with this is that chunks must then be measured with a weightened measure,

instead of the uniform Lebesgue measure over Rn+1. The solution is to disintegrate this
weighted measure into the uniform measure over Rn+3 and unfold the level set chunks in the
same space.

This is where the real bottleneck of this proof appears: once these operations are performed,
the quantitative result is as strong as the Brunn-Minkowski technology employed. To recover a
stability version that presents at the same time the sharp exponent and the optimal dependence
on λ, we need a stability version of the Brunn-Minkowski inequality that has the corresponding
behavior. That is why in the case of one log-concave input, we can use the sharp result of
Barchiesi–Julin [BJ17], which gives precisely the optimal behavior under the assumption that
only one of the sets is a convex body. This reasoning can be pushed even further, and we
may recover a sharp result for general functions using the recent sharp quantitative Brunn–
Minkowski theory [FvHT23].

Towards an L1 stability theory for functional and transport inequalities. A large part
of the quantitative theory of sharp functional inequalities is Hilbertian. Indeed, the question
of Brezis and Lieb [BL85] on the stability of the Sobolev inequality was answered by Bianchi
and Egnell [BE91] through a quadratic control of the distance to the Sobolev optimizers in
the natural Sobolev norm. As another example, we mention the use of spectral gap methods,
as in [BJM16, AdOdÓ+26]. In these settings, the distance to the manifold of minimizers is
controlled via a spectral gap condition for a suitable operator that arises in the Euler-Lagrange
equations satisfied by optimizers. This is a recurrent, though by no means universal, source
of stability phenomena in which a deficit controls an L2-based energy distance.

The L1 stability result for the Brascamp–Lieb inequality in [MR25] suggests a complemen-
tary picture. Linearizing the Prékopa–Leindler inequality has shown to provide L1 stability
results with a constant that remains uniform over a large class of convex reference potentials.
With that in mind, we shall employ some of our main results to obtain sharp stability esti-
mates for the Bakry–Émery log-Sobolev and Talagrand inequalities. We will find that their
density formulations admit sharp, potential-independent L1 stability, whereas the analogous
density estimates fail in every Lp topology with p > 1, even for the fixed Gaussian potential.
Thus L1 is not merely a convenient weak topology in this argument: it is the endpoint of a
sharp uniform theory.

n [KP26], Kristály and Pîrvuceanu first quantified the passage from Prékopa–Leindler to
log-Sobolev and Talagrand stability. Their argument follows Maurey’s method of linearizing
the Prékopa–Leindler inequality by infimal convolution [Mau91] later expanded by Bobkov
and Ledoux [BL00]. Their general exponent is 1/19, reflecting the Prékopa–Leindler stability
available at the time that presented the optimal dependence of the stability constant on the
interpolation parameter [BD21]. In the radial setting, they obtained the sharp exponent 1/2.

The quantitative stability result of Prékopa-Leindler, developed in the present manuscript,
having simultaneously the sharp exponent and the optimal dependence of the constant on
λ for log-concave inputs, allows us to follow the arguments from [KP26] to obtain sharp L1

quantitative stability results for both log-Sobolev and Talagrand inequalities. In addition, since
we may assume that a single input is log-concave, this yields results formulated for general
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probability distributions with finite Fisher information, rather than only for the log-concave
class considered in [KP26].

While we do not claim to have a novel method for the sharp L1-stability proofs for log-
Sobolev and Talagrand inequalities, our interest is to shed new light into the universality of
the stability constant w.r.t. the reference measure’s convex potential, and more importantly,
how such behavior cannot hold in any stronger Lp topologies with p > 1. In particular, this
shows that even for the Prékopa–Leindler inequality there is no estimate such as 1.1 with a
stability constant Cn independent of f, g controlling an Lp distance with p > 1. This goes
against the L2 stability of Prékopa-Leindler suggested in [BQR26]. Indeed, if such stronger
stability version of Prékopa–Leindler could be proved, this would imply a stronger Lp stability
result with p > 1 for all the inequalities studied here: log-Sobolev and Talagrand, as well as
the Brascamp-Lieb inequality. This would contradict Propositions 5.2 and 5.4.

Alternative presentation and Lean formalization. In an effort to present the results of
this paper in a more reader-friendly way, we have attempted to make an interactive version of
the exposition, where one may see different parts of the proof with different levels of detail.
In order to do so, we stored all results in this manuscript in the website

w3.impa.br/ joao.ramos/height-transport-pl/.

There, one may find a more detailed explanation of the importance of the Prékopa–Leindler in-
equality and its stability version, as well as the aforementioned interactive manuscript version,
with a dependence tree of ideas used, expository videos targeted at explaining its different
parts, and a dissected version of a Lean formalization of the results.

Regarding this last feature, we mention two caveats. The first is that we opted not to make
any attempt to formalize the applications to the log-Sobolev and Talagrand inequalities, as
these are only tangentially related to the main topic of the manuscript. The other one is
that, although we formalized Theorem 1.1 in all levels of generality in Lean, its formalization
contains an explicit dependence on three results, depending on the respective generality level:
the original sharp stability for Brunn–Minkowski for convex sets [FMP09], the same result
with the relaxed condition that only one of the convex sets is convex [BJ17], and the recent
full stability with sharp exponent for the Brunn–Minkowski inequality [FvHT23]. The choice
of doing so was due to the length and effective cost that formalizing such theory-heavy results
would bring about, and we would encourage the community (in particular, the authors of the
respective manuscripts) to make a push towards formalizing them. A more detailed comment
on the Lean formalization is available in the website above,

Organization of this manuscript. We start our analysis with the new proof of the Prékopa–
Leindler inequality in Section 2. In Section 3 we give the proof in the case that both f and g
are log-concave functions. In Section 4.3, we show how the previous proof can be refined to the
case of one log-concave function, still having the sharp exponent and the optimal dependence
on the convexity parameter. In Section 4.4 we explain how these arguments also give the sharp
exponent for general inputs. Finally, in Section 5, we discuss applications to the log-Sobolev
and Talagrand inequalities following the work of [KP26], showing that only the L1 topology
can yield such stability results.
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Statement of LLM usage

The qualitative argument was first conceived in January of 2026 when the first author was
a visiting researcher in the IMPA summer program.

Although the quantitative arguments were conceptually clear to the authors, different
rounds of interactions with Large Language Models helped catalyze the quantitative argu-
ment. Various versions of LLMs were used to explore different strategies for the quantitative
proof, until it became clear to the authors that the conceptually clean idea that horizontal
and vertical translations of epigraph chunks should be controlled with a Wasserstein and a
L1 distance, respectively. This led to the current path of proof with two log-concave inputs,
which was then executed by the authors with AI assistence.

The authors then realized that very few steps of the proof critically relied on the log-concave
inputs. At this stage the authors used AI tools to identify all the steps in the proof that used
this property. A frontier model then suggested the lift to Rn+3 to avoid the estimates along
Wasserstein geodesics with log-concave end-points. It then became clear to the authors that
the bottleneck of the present argument is only the Brunn-Minkowski technology employed. In
particular, that even the case of general inputs can be dealt with the present argument, but
having a non-optimal dependence on the parameter λ.

Although several technicalities were first checked with the help of LLMs, the manuscript’s
final version was in its majority human-written, completely thoroughly revised, and several
arguments have been changed, simplified and improved by the authors. As the previous two
paragraphs show, the main ideas in this manuscript are also completely due to both authors,
with AI only helping expand, polish and verify them. The authors take full responsibility for
the correctness of the mathematical contents of the paper.

2. The height transport method for the Prékopa-Leindler inequality

2.1. Gromov’s argument, Brenier’s map and multimarginal optimal transport. The
two backbones of our argument are the Brunn-Minkowski inequality and optimal transport
theory. The former says that the euclidean volume, when see as a functional over the space
of convex bodies or even measurable sets, is concave with respect to Minkowski addition: for
measurable A,B ⊂ Rn it holds that

(2.1) |A+B|1/n ≥ |A|1/n + |B|1/n.
The by now famous proof of Gromov1 of the Brunn-Minkowski inequality is based on the idea
of transporting the mass uniformly distributed over one set to the other.

A summarized modern version of this argument is as follows: given two bounded measurable
sets A,B ⊂ Rn of positive volume, consider the two probability measures uniformly distributed
among them

dµ(x)
def.
=

1A(x)

|A|
dx, dν(x)

def.
=

1B(x)

|B|
dx.

Brenier’s polar factorization theorem [Bre91] states that there is a map T = ∇φ, given by the
gradient of a convex function such that

(2.2) T♯µ = ν,

where the push-forward measure is defined as T♯µ(C)
def.
= µ(T−1(C)), for any measurable

C ⊂ Rn.
1The original argument was formulated in [MS86, Appendix I] for the isoperimetric inequality.
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At least formally, equation (2.2) can be seen as a change of variables formula, see [ABS21,
Lecture 6]. Exploiting the convexity of the potential φ, this is expressed as the following
Monge–Ampère equation

|B|
|A|

= detDT (x), DT (x) = D2φ(x) ≥ 0, µ-a.e.

which can be made rigorous since, as the gradient of a convex function, the Brenier map T
has bounded variation [AA99] and is a monotone map. As a result, id+T is injective and,
after discarding a null subset of A, satisfies (id+T )(A) ⊆ A+B. Thus the area formula and
the concavity of det1/n yield

|A+B|1/n ≥
(︃ˆ

A
det(I +DT (x))dx

)︃1/n

≥
(︃ˆ

A

(︂
1 + detDT (x)1/n

)︂n
dx

)︃1/n

= |A|1/n
(︄
1 +

(︃
|B|
|A|

)︃1/n
)︄

= |A|1/n + |B|1/n.

The reader is referred to [FMP09] for more details.
While Gromov’s original argument can be carried out with any map performing the trans-

portation (2.2), the fine structure of the Brenier map has been exploited in the seminal
works [FMP09, FMP10] to prove sharp quantitative stability versions of the isoperimetric
and Brunn–Minkowski inequalities. In the present work, we exploit the deeper variational and
metric properties of the Brenier map, through the theory of optimal transport.

More precisely, let P2(Rn) denote the probability measures with finite second moment. For
µ, ν ∈ P2(Rn), let Π(µ, ν) denote the probability measures on Rn×Rn with marginals µ and
ν. The quadratic Kantorovich problem defines the squared 2-Wasserstein distance by

(2.3) W 2
2 (µ, ν)

def.
= inf

π∈Π(µ,ν)

ˆ
|x− y|2dπ(x, y) = min

T♯µ=ν

ˆ
Rn

|x− T (x)|2dµ(x),

where the last equality holds if µ≪ L n. In this case, Brenier’s theorem identifies the unique
optimal plan as (id, T )♯µ, where T = ∇φ is the gradient of a convex function and the unique
µ-a.e. minimizing map.

2.2. The height transport method. We start with the height transport proof of the
Prékopa-Leindler inequality. In spirit, it follows Gromov’s proof of the isoperimetric and
Brunn–Minkowski inequalities [MS86, Appendix I], but at the level of heights. First we match
the level sets of the inputs through their height distributions, then the matched sets are com-
pared with the Brunn–Minkowski inequality.

Theorem 2.1. Let f, g, h : Rn → R+ be measurable functions satisfying the Prékopa condi-
tion (1.1) for some λ ∈ (0, 1), then the Prékopa-Leindler inequality (1.2) holds. In addition,
equality holds if and only if there exists a log-concave function ϱ : Rn ↦→ R+ and a vector
z ∈ Rn such that

(2.4) h = ϱ, f = a1−λϱ(·+ (1− λ)z), g = a−λϱ(·+−λz), a
def.
=

∥f∥L1

∥g∥L1

.

Proof. Without loss of generality we can assume that h is given by the Asplund sum of f, g,
that is

h(z) = sup
λx+(1−λ)y=z

f(x)λg(y)1−λ.

In addition, up to replacing f, g, h by

f̄
def.
=

f

∥f∥L1

, ḡ
def.
=

g

∥g∥L1

, h̄
def.
=

h

∥f∥λL1 ∥g∥1−λL1

,
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we can assume that
ˆ
Rn

f =

ˆ
Rn

g = 1, so that it suffices for us to show that
ˆ
Rn

h ≥ 1.

Now define the following sets

Ft
def.
= {f > t}, Gt

def.
= {g > t}, Ht

def.
= {h > t},

so that the normalization condition on f, g and the layer-cake formula
´
Rn f dx =

´∞
0 |Ft| dt

imply that
µf

def.
= |Ft|dt, µg

def.
= |Gt|dt

are both probability measures over P(R). On the other hand, the Prékopa condition implies
that

(2.5) λFr + (1− λ)Gs ⊆ Hrλs1−λ .

Since both measures µf , µg are atomless, we can consider the Brenier map T performing the
L2 optimal transport T♯µf = µg. As a result, it solves the following Monge-Ampère equation

(2.6) |Ft| = |GT (t)|T ′(t), µf − a.e.

Now, the Brunn-Minkowski inequality applied to (2.5) with r = t and s = T (t), alongside the
Monge-Ampère equation above gives

|HtλT (t)1−λ | ≥
(︂
λ|Ft|1/n + (1− λ)|GT (t)|1/n

)︂n
= |Ft|

(︂
λ+ (1− λ)T ′(t)

−1/n
)︂n
.

Focusing now on the integral of h, in order to profit from the estimate above, it is convenient
to define the following change of variables induced by the level-set transportation via the one-
dimensional Brenier map

(2.7) u(t)
def.
= tλT (t)1−λ,

as well as the Jacobian that it induces by change of variables

(2.8)
u′(t) = λtλ−1T (t)1−λ + (1− λ)tλT (t)−λT ′(t),

=
u(t)

t

[︃
λ+ (1− λ)

tT ′(t)

T (t)

]︃
.

Indeed, the layer-cake combined with the change of variables formula imply thatˆ
Rn

h =

ˆ +∞

0
|Ht|dt =

ˆ +∞

0
|Hu(t)||u′(t)|dt

≥
ˆ +∞

0
|Ft|
(︂
λ+ (1− λ)T ′(t)

−1/n
)︂n

|u′(t)|dt.

We can equivalently rewrite the integrand of the right hand-side above as(︂
λ+ (1− λ)T ′(t)

−1/n
)︂n
u′(t)

=
(︂
λ+ (1− λ)T ′(t)

−1/n
)︂nu(t)

t

[︃
λ+ (1− λ)

tT ′(t)

T (t)

]︃
=
(︂
λT ′(t)

1−λ
n + (1− λ)T ′(t)

−λ
n

)︂n(︄
λ

(︃
T (t)

tT ′(t)

)︃1−λ
+ (1− λ)

(︃
tT ′(t)

T (t)

)︃λ)︄
It is useful to write the two factors in the last equality under the following notation

(2.9)

δratio(t)
def.
=
(︂
λT ′(t)

1−λ
n + (1− λ)T ′(t)

−λ
n

)︂n
− 1,

δid(t)
def.
=

(︄
λ

(︃
T (t)

tT ′(t)

)︃1−λ
+ (1− λ)

(︃
tT ′(t)

T (t)

)︃λ)︄
− 1.
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From the weighted arithmetic/geometric means inequality, we have for all t that δratio(t), δid(t) ≥
0. On the other hand, equality holds for δratio(t) = 0 if and only if we have

T ′(t)
1−λ
n = T ′(t)

−λ
n ⇐⇒ T ′(t) = 1,

while for the second we have δid(t) = 0 if and only if(︃
T (t)

tT ′(t)

)︃1−λ
=

(︃
tT ′(t)

T (t)

)︃λ
⇐⇒ T (t) = tT ′(t).

As a result, the first quantity is a pointwise measure of how far from being a small translation
the transport of the t level set of f to g, while in conjunction with the second deficit, it gives
a measure of how far the transportation is from not moving, that is T (t) = t.

So coming back to the estimate, we have thatˆ
Rn

h ≥
ˆ +∞

0
|Ft| (1 + δratio(t)) (1 + δid(t)) dt ≥

ˆ +∞

0
|Ft|dt =

ˆ
Rn

f = 1.

This finishes the proof. □

2.3. The equality cases. The qualitative argument also allows us to recover the equality
cases identified by Dubuc [Dub77]. For this, we first prove a lemma showing that the trans-
lations of the level sets furnished by Brunn–Minkowski can be chosen independently of the
height. It also serves as a warm-up to the quantitative proof.

Lemma 2.2. Fix λ ∈ (0, 1), let I ⊆ (0,+∞) be an open interval, and consider a triplet of
families of Borel sets of finite volume At, Bt, Ct ⊂ Rn, which are increasing in t ∈ I and such
that

λAr + (1− λ)Bs ⊆ Cλr+(1−λ)s for all r, s ∈ I.

If for a.e. t ∈ I we have
|At| = |Bt| = |Ct| > 0,

then there is a vector z ∈ Rn such that

Bt = At + z, Ct = At + (1− λ)z.

In addition, the family can be chosen so that

λAr + (1− λ)As ⊆ Aλr+(1−λ)s.

Proof. We start by fixing the following set of full measure in I

(2.10) I0
def.
=

{︃
t ∈ I :

λAt + (1− λ)Bt ⊆ Ct

0 < |At| = |Bt| = |Ct|
def.
= mt < +∞

}︃
.

Then from the Brunn–Minkowski inequality for t ∈ I0 we have that

mt = |Ct| ≥ |λAt + (1− λ)Bt| ≥
(︂
λ|At|1/n + (1− λ)|Bt|1/n

)︂n
= mt.

From the equality case of the Brunn–Minkowski inequality, then all three sets are convex
bodies and there exists a vector zt ∈ Rn such that

(2.11) Bt = zt +At and Ct = λAt + (1− λ)Bt = At + (1− λ)zt,

where the second equality follows from all sets having all the same volume and the inclusion
λAt + (1 − λ)Bt ⊆ Ct. As a result, to finish the proof it suffices to prove that the mapping
t ↦→ zt is constant for a.e. t ∈ I0.

Fixed θ ∈ Sn−1, we define the following functions, whose dependence on θ is omitted:

a(t)
def.
= sup

x∈At

θ · x, b(t)
def.
= sup

x∈Bt

θ · x, c(t)
def.
= sup

x∈Ct

θ · x.

These functions coincide with the support function of their corresponding convex bodies,
evaluated at the vector θ. Thanks to (2.11) it holds that

a(t) = c(t)− (1− λ)θ · zt, b(t) = c(t) + λθ · zt.
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On the other hand, for every r, s ∈ I0 it follows from the set inclusion λAr + (1 − λ)Bs ⊆
Cλr+(1−λ)s that

(2.12)
λc(s) + (1− λ)c(r) + λ(1− λ)θ · (zr − zs) ≤ c(λs+ (1− λ)r),

(1− λ)c(s) + λc(r) + λ(1− λ)θ · (zs − zr) ≤ c((1− λ)s+ λr).

Summing both of these inequalities, we get that

(2.13) c(r) + c(s) ≤ c((1− λ)s+ λr) + c(λs+ (1− λ)r).

The above estimate suggests that t ↦→ c(t) is actually a concave function, and our goal is
to show this, which will require a somewhat delicate argument. For this, it suffices to show
that c is midpoint concave. In other words, that the usual concavity inequality holds with the
convex interpolation parameter 1/2.

Consider the mapping

I0 × I0 ∋ (s, r) ↦→ (s′, r′)
def.
= (λs+ (1− λr), (1− λ)s+ λr),

and define, for now at a formal level, the following sequence by induction

(sk+1, rk+1)
def.
= (s′k, r

′
k), and (s0, r0)

def.
= (s, r),

for some fixed (s, r) ∈ I0 × I0. An elementary argument shows that

lim
k→∞

sk = lim
k→∞

rk =
s+ r

2
.

As a result, if the sequence (sk, rk)k∈N is contained in I0 × I0, we can apply estimate (2.13)
for every k and obtain that

c(s) + c(r) = c(s0) + c(r0) ≤ lim
k→∞

c(sk) + c(rk)

≤ lim
k→∞

c(sk+1) + c(rk+1) = 2c

(︃
s+ r

2

)︃
,

whenever c is continuous over
s+ r

2
. To obtain the concavity of c then, we start by choosing

a subset of full measure of I0 with good properties, since then the concavity will follow with
a continuous extension.

First, notice that t ↦→ c(t) is a monotone function, because of the set inclusion Cs ⊂ Ct for
s ≤ t, so it is almost everywhere continuous. Consider now

I ′0 × I ′0
def.
=

{︄
(s, r) ∈ I0 × I0 :

(s′, r′) ∈ I0 × I0,

c is continuous at
s+ r

2

}︄
.

Since λ ∈ (0, 1), the operation (s, r) ↦→ (s′, r′) is Lipschitz, so the set I ′0 × I ′0 has full measure
in I0 × I0. Applying this operation countably many times, we obtain a set of full measure

J⋆ ⊂ I0 × I0, |I0 × I0 \ J⋆| = 0, and J⋆ ⊂

{︄
(s, r) ∈ I0 × I0 :

(sk, rk)k∈N ⊂ I0 × I0,

c is continuous at
s+ r

2

}︄
.

From the symmetry of the above operations, we have that J⋆ is of the form I⋆×I⋆. Considering
first (s, r) ∈ I⋆ × I⋆, followed by a continuous extension argument, shows that c is midpoint
concave, and hence concave.

Now coming back to the estimates (2.12), we notice that we can estimate the distance
between zt−zs by the Jensen divergence of c, from which we can now obtain more information
using concavity. Indeed, using the notation above of (s′, r′), and defining the Jensen divergence
of c as

Jλ(s, r)
def.
= c(s′)− λc(s)− (1− λ)c(r),

we obtain from the concavity of c for almost every s, r that c is differentiable at s, r and then

c(s′) = c(r) + λ(s− r)c′(r) +O(|s− r|2), c(s) = c(r) + (s− r)c′(r) +O(|s− r|2).
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Therefore the zero-th and first order terms cancel each other in Jλ(s, r) and Jλ(r, s), and both
are of the order O(|s− r|2). Since Jλ(s, r), Jλ(r, s) ≥ 0 from concavity, we obtain from (2.12)
that

λ(1− λ)|θ · (zr − zs)| ≤ max{Jλ(s, r), Jλ(r, s)} = O(|s− r|2).
Since the right-hand side above is independent of θ, and it was an arbitrary element of Sn−1,
this can only be the case if t ↦→ zt is constant. □

Corollary 2.3. Let λ ∈ (0, 1) and let f, g, h : Rn → [0,∞) be measurable functions satisfying
the Prékopa condition. Assume that

mf
def.
=

ˆ
Rn

fdx ∈ (0,∞), mg
def.
=

ˆ
Rn

gdx ∈ (0,∞),

and set mλ
def.
= mλ

fm
1−λ
g . Then equality holds in the Prékopa–Leindler inequality, namelyˆ

Rn

hdx = mλ,

if and only if there exist a nonzero integrable log-concave function ϱ and a vector z ∈ Rn such
that, almost everywhere,

(2.14) h = ϱ, f =
mf

mλ
ϱ
(︁
·+ (1− λ)z

)︁
, g =

mg

mλ
ϱ(· − λz).

Proof. To prove the equality cases we assume once again for simplicity that the functions are
normalized. If we have ∥h∥L1 = 1, then the previous estimates from Theorem 2.1 give thatˆ +∞

0
|Ft| [(1 + δratio(t)δid(t) + δid(t)) (1 + δid(t))− 1] dt = 0.

As a result, since both δratio and δid are non-negative, this can only be the case if

δratio(t) = δid(t) = 0

for µf -almost every t > 0. This also yields that

0 =

ˆ ∞

0
(|Ht| − |Ft|)dt,

and both of these together imply that for almost every t we have T = id, so µf = µg and we
conclude that

|Ht| = |Ft| = |Gt|.
Now passing to the logarithmic change of variables t(q) = e−q, so that q = − log t and

defining
Eq

def.
= Et(q), for E ∈ {F,G,H},

we obtain from the Prékopa condition that

λFp + (1− λ)Gq ⊆ H(1−λ)q+λp

for every p, q ∈ R ∪ {+∞}. As a result, the assumptions of Lemma 2.2 are satisfied, so there
exists a vector z ∈ Rn such that

Gq = z + Fq, Hq = (1− λ)z + Fq,

and all these level sets are convex bodies. In addition, the final condition of Lemma 2.2 applied
in the log-scale implies that f, g, h are log-concave.

To verify that they are given by translations of the same log-concave function, notice that
for any smooth test function φ the layer-cake formula givesˆ

Rn

φhdx =

ˆ
R

ˆ
Ht

φ(x)dxdt =

ˆ
R

ˆ
Ft−(1−λ)z

φ(x)dxdt =

ˆ
Rn

φf(· − (1− λ)z)dx

which gives the desired translation identities. □
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3. The quantitative height transport proof

Now we move on to making the level set proof from Section 2 quantitative. Recall that
from Corollary 1.3, it suffices to consider the midpoint case λ = 1/2. Therefore, throughout
this section we consider f, g, h satisfying the Prékopa condition, and we may also assume that

(3.1)
ˆ
f =

ˆ
g = 1, h((x+ y)/2) ≥

√︁
f(x)g(y).

Another possible simplification is replacing h by the Asplund midpoint sum of f, g that is

h(z) = sup
(x+y)/2=z

√︁
f(x)g(y).

This replacement will only decrease the Prékopa-Leindler deficit defined below. In addition
the resulting h is log-concave, and ∥h∥∞ =

√︁
∥f∥∞∥g∥∞.

As a result, the Prékopa-Leindler inequality is equivalent to the non-negativity of the fol-
lowing deficit

(3.2) δPL = δPL(f, g)
def.
=

ˆ
Rn

h− 1,

and we recall that our goal is to show that there exists a dimensional constant Cn such that
for all f, g log-concave it holds that

(3.3) inf
z∈Rn

∥f − g(·+ z)∥2L1(Rn) ≤ CnδPL(f, g).

The zero-deficit case was proved in Section 2.3. Since the distance between probability densities
is at most two, up to increasing Cn it suffices to treat 0 < δPL ≤ 1. Throughout the quantitative
proofs, C denotes an absolute constant, which may change from line to line; the dimensional
constants from Brunn–Minkowski will be kept explicit.

3.1. The change of variables to logarithmic scale. Our strategy towards this quantitative
statement is to interpret the epigraphs as convex bodies and apply the by now well understood
stability of the Brunn-Minkowski inequality. Of course, in Euclidean coordinates the epigraphs
of f, g, h are not convex, so, for that reason, before proceeding we establish some notation to
properly compare them in a logarithmic scale.

At this scale we work with the convex potentials associated with f, g, h. In addition, inter-
changing f, g if necessary, assume that ∥f∥∞ ≥ ∥g∥∞, and we set the following notation to a
common reference height:

(3.4)
M = ∥g∥∞ = min{∥f∥∞, ∥g∥∞}, f =Me−V , g =Me−W , h =Me−U ,

minV = −m, minW = 0, m = log
∥f∥∞
∥g∥∞

, minU = −m/2.

Since V,W,U are convex potentials such that 0 <
´
e−V ,

´
e−W ,

´
e−U < +∞, they are

coercive, have bounded sublevels and attain their minima. For q ∈ R let

(3.5)

Aq = {f > Me−q} = {V < q},
Bq = {g > Me−q} = {W < q},
Cq = {h > Me−q} = {U < q}.

Write a(q) = |Aq|, b(q) = |Bq|. These two volume profiles recur throughout the proof; in
particular a = 0 on (−∞,−m] and b = 0 on (−∞, 0]. In fact, these tail of these distributions
inherit the geometry of the log-concave functions defining them, which is discussed in the
sequel, where we prove a few fundamental properties of the height distributions.

Lemma 3.1. For i ∈ {0, 1}, let ϱi ∈ P(R) be such that

dϱi =Mai(q)e
−qdq,
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so that ϱ0 = µ and a0 = a, while ϱ1 = ν and a1 = b. Then, setting m0 = −m and m1 = 0,
the minimal values of the potentials V,W , associated with ϱ0, ϱ1 respectively, the following
properties hold.

(a) For mi < t < q we have

ai(q) ≤
(︃
q −mi

t−mi

)︃n
ai(t),

for both i = 0, 1.
(b) Both measures ϱ0, ϱ1 ∈ P(R) are log-concave, hence their displacement interpolation

given by
ϱt

def.
= (Tt)♯µ, Tt

def.
= (1− t) id+tT

remains log concave for all t ∈ [0, 1].
(c) Identifying ϱt with its density and writing mt

def.
= (1 − t)m0 + tm1 = −(1 − t)m, then

for a.e. q > mt

−1 ≤ (log ϱt)
′(q) ≤ n+ 1

q −mt
.

Consequently, for every q > mt,

(3.6) ϱt(q + s) ≥ e−sϱt(q), s ≥ 0,

and

(3.7) ϱt(q − s) ≥
(︃
q − s−mt

q −mt

)︃n+1

ϱt(q), 0 ≤ s < q −mt.

Proof. For i ∈ {0, 1}, let Vi be the corresponding convex potential generating ai in the above
construction, along with the level sets Ai,q

def.
= {Vi(x) < q}. So we have V0 = V and A0,q = Aq,

while V1 =W and A1,q = Bq in the above notation.
We start with item (a). Let x⋆ be a minimizer of Vi, then we can show that for mi < t < q

the following inclusion holds

x⋆ +
t−mi

q −mi
(Ai,q − x⋆) ⊂ Ai,t.

Indeed, considering some x ∈ Ai,q we have from the convexity of Vi that

Vi

(︃
q − t

q −mi
x⋆ +

t−mi

q −mi
x

)︃
≤ q − t

q −mi
Vi(x⋆) +

t−mi

q −mi
Vi(x) <

q − t

q −mi
mi +

t−mi

q −mi
q = t.

Now using the monotonicity of the Lebesgue measure on the above inclusion, it follows that(︃
t−mi

q −mi

)︃n
ai(q) ≤ ai(t).

For item (b), first notice that

q ↦→ ai(q)
1/n is a concave function

thanks to the Brunn-Minkowski inequality. As a result, we can rewrite

log ϱi = logM − q + n log a
1/n
i ,

which corresponds to a composition of concave functions, and hence concave. Although the
log-concavity of displacement interpolations is not generally preserved along the interpola-
tion, even if the marginals enjoy such geometry, see [SW16] for many counter-examples, it is
nonetheless known to be true for one-dimensional distributions, but for completeness we give
a proof here that is based on the particular structure of geodesics in R as well as a criterion
of log-concavity by Bobkov [Bob96] in this setting. Given ϱ ∈ P(R) we define its distribution
and quantile functions as

Gϱ(q)
def.
= ϱ((−∞, q]), Qϱ(u)

def.
= G−1

ϱ (u).
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As a result, we naturally have Gϱ ◦Qϱ = id and the chain rule implies that

Iϱ(u)
def.
= ϱ(Qϱ(u)) =

1

Q′
ϱ(u)

.

It was then proven by Bobkov, see also [SW14, Prop. 2.22], that ϱ is log-concave if and only
if Iϱ is concave over (0, 1).

On the other hand, we may represent any one-dimensional distribution as

ϱ = (Qϱ)♯L
1 [0, 1].

Hence a routine computation for the geodesics

ϱt = ((1− t) id+tT )♯ϱ0 = ((1− t)Q0 + tT ◦Q0)♯L
1 [0, 1]

= ((1− t)Q0 + tQ1)♯L
1 [0, 1].

implies that the quantile of geodesic interpolations is the interpolation of quantiles Qt =
(1− t)Q0 + tQ1. As a consequence for Bobkov’s function It associated to the interpolation we
have

It(u) =
1

Q′
t(u)

=
(︁
(1− t)Q′

0(u) + tQ′
1(u)

)︁−1
=

(︃
1− t

I0(u)
+

t

I1(u)

)︃−1

.

Since the marginals are both log-concave, the necessity of Bobkov’s criterion gives that I0, I1
are concave, while composing with the harmonic mean gives the concavity of It and implies
the log-concavity of ϱt thanks to the sufficiency part of the same statement.

We finally prove item (c). First, since ai is non-decreasing, for every q > mi it holds that

1−Gϱi(q) =M

ˆ +∞

q
e−sai(s)ds ≥Mai(q)

ˆ +∞

q
e−sds = ϱi(q).

On the other hand, item (a) and the inequality e−s ≥ e−q for mi < s < q give

Gϱi(q) =M

ˆ q

mi

e−sai(s)ds

≥Me−qai(q)

ˆ q

mi

(︃
s−mi

q −mi

)︃n
ds =

q −mi

n+ 1
ϱi(q).

Evaluating these two inequalities at q = Qi(u), and recalling that Ii(u) = ϱi(Qi(u)), we obtain

Ii(u) ≤ 1− u,
u

Ii(u)
≥ Qi(u)−mi

n+ 1
.

Both estimates are preserved by the displacement interpolation. Indeed, the formula for It
obtained above gives

It(u) ≤ 1− u

and
u

It(u)
= (1− t)

u

I0(u)
+ t

u

I1(u)

≥ (1− t)(Q0(u)−m0) + t(Q1(u)−m1)

n+ 1
=
Qt(u)−mt

n+ 1
.

Taking u = Gϱt(q) in the previous inequalities, we conclude that

(3.8)
ϱt(q)

1−Gϱt(q)
≤ 1,

ϱt(q)

Gϱt(q)
≤ n+ 1

q −mt
.

We now use the log-concavity proved in item (b). At every differentiability point q > mt

where (log ϱt)
′(q) < 0, concavity gives

ϱt(s) ≤ ϱt(q)e
(log ϱt)′(q)(s−q) for all s ≥ q.
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Integrating this inequality and using the first estimate in (3.8), we obtain

ϱt(q) ≤ 1−Gϱt(q) ≤
ϱt(q)

−(log ϱt)′(q)
,

which implies (log ϱt)
′(q) ≥ −1. Similarly, if (log ϱt)′(q) > 0, concavity gives

Gϱt(q) ≤
ϱt(q)

(log ϱt)′(q)
.

Combining this inequality with the second estimate in (3.8), we obtain

(log ϱt)
′(q) ≤ n+ 1

q −mt
.

The case (log ϱt)
′(q) = 0 is immediate, and this proves the first conclusion of item (c).

Finally, integrating the lower bound for (log ϱt)
′ between q and q + s gives

ϱt(q + s) ≥ e−sϱt(q).

Likewise, integrating the upper bound between q − s and q, for 0 ≤ s < q −mt, gives

log
ϱt(q)

ϱt(q − s)
≤ (n+ 1) log

q −mt

q − s−mt
,

which is equivalent to the last conclusion of item (c). □

As seen in the qualitative proof, another advantage of the log-scale is that the Asplund sum
of log-concave functions is translated into a Minkowski sum for all level sets. Indeed, we have
that

(3.9)
Ar +Bs

2
⊂ C(r+s)/2, U((x+ y)/2) ≤ V (x) +W (y)

2
,

while the change of variables for the total mass of f, g gives

(3.10) M

ˆ
R
e−qa(q)dq =M

ˆ
R
e−qb(q)dq = 1,

and Cavalieri’s principle give the following formula for representing

∥f − g(·+ z)∥1 =M

ˆ
R
e−q|Aq △ (Bq − z)|dq.(3.11)

Finally, the central objects on the qualitative proof of Theorem 2.1 are the height distribu-
tions and the Brenier map T transporting them, denoted in Euclidean heights as

µ
def.
= |Ft|dt, ν

def.
= |Gt|dt, T♯µ = ν.

Performing the change of variables t = t(q) = Me−q above, the height distribution in the
common logarithmic coordinate become

(3.12) dµ(q) =Me−qa(q)dq, dν(q) =Me−qb(q)dq.

While the same map in log-scale can be written as T , having the property Ft = Aq and
GT (t) = BT (q) when t =Me−q, becomes

(3.13) T (q)
def.
= t−1 ◦ T (t(q)) = − log

T (Me−q)

M
, T (Me−q) =Me−T (q).

The common change of variables also gives T♯µ = ν. Both changes of coordinate reverse
orientation, so T is increasing and therefore corresponds to the Brenier map transporting µ
to ν, see [San15, Chap. 2]. Its derivative and displacement satisfy, for t =Me−q,

(3.14) T ′(q) =
tT ′(t)

T (t)
, T (q)− q = − log

T (t)

t
.
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These identities for the transport map in logarithmic scale allow us to better understand the
deficits that naturally appeared in the qualitative proof 2.1. Specializing to the case λ = 1/2,
we obtain from this proof that

(3.15) δPL ≥
ˆ ∞

0
|Ft| (δratio(t) + δid(t)) dt =

ˆ
R
(δratio(q) + δid(q)) dµ(q),

where we employ the slight abuse of notation δratio(q)
def.
= δratio(t(q)) and δid(q)

def.
= δid(t(q)),

and the deficits can be written in our setting on Euclidean heights as

δratio(t) =

[︄
T ′(t)

1
2n

2
+
T ′(t)−

1
2n

2

]︄n
− 1, δid(t) =

1

2

[︄(︃
T (t)

tT ′(t)

)︃ 1
2

+

(︃
T (t)

tT ′(t)

)︃− 1
2

]︄
− 1.

Replacing the expressions of T ′(t) by the equivalent one T ′(t(q)) = T ′(q)T (t(q))/t(q) obtained
in (3.14) as well as T (t(q))

t(q) = eq−T (q) in the deficits above, they can be rewritten in log scale as

(3.16)
δratio(q) = cosh

(︃
log T ′(q) + (q − T (q))

2n

)︃n
− 1,

δid(q) = cosh

(︃
log T ′(q)

2

)︃
− 1.

Not only these coordinates allow us to see quite clearly how the deficit δPL penalizes the
deviation of T ′ to 1 and T from the identity, but they will also be useful while estimating the
distance between the distributions µ, ν.

3.2. Brunn–Minkowski deficit and the translation problem. The change of variables
to logarithmic heights described above allows us to use the technology of the quantitative
stability of Brunn-Minkowski inequality, due to the fact that this change of variables turns
the Prékopa condition into a Minkowski sum.

For convex bodies E,F ⊂ Rd, we define the additive volume deficit

(3.17) δBM(E,F ) =

⃓⃓⃓⃓
E + F

2

⃓⃓⃓⃓
−

(︄
|E|1/d + |F |1/d

2

)︄d
.

The ambient dimension is the dimension of the bodies; it will be n for individual levels, n+ 1
for the windows in this section, and n+ 3 for the lifted windows introduced later.

The stability principle of Figalli-Maggi-Pratelli [FMP09,FMP10] implies that this quantity
controls the Fraenkel asymmetry between two convex bodies, namely

(3.18) A(E,F )2 ≤ CdσE,F

[︄
|(E + F )/2|1/d

(|E|1/d + |F |1/d)/2
− 1

]︄
,

where

(3.19) A(E,F ) = inf
v∈Rd

{︃
|E △ (v + ρF )|

|E|
: |ρF | = |E|

}︃
and σE,F

def.
= max

{︃
|E|
|F |

,
|F |
|E|

}︃1/d

.

The dilation ρ is essential since a homothetic pair can attain equality in Brunn–Minkowski,
so the deficit δBM alone cannot force the unscaled volumes of level sets to agree. To distinguish
a change of shape from a change of volume, define also

(3.20) δvol(E,F ) =
|E|+ |F |

2
−

(︄
|E|1/d + |F |1/d

2

)︄d
, d ≥ 2.

Since the scalar volume deficit above depends only on |E|, |F |, we can use a slight abuse of
notation of writing δvol(|E|, |F |) to be a function of scalar arguments for which the following
equivalent bounds hold. This estimate is elementary, but it will be useful in comparing the
height distributions µ, ν to the Hellinger distance.



A HEIGHT TRANSPORT APPROACH TO QUANTITATIVE PL 19

Lemma 3.2. For p, q > 0, the following bounds hold

(3.21)
1

4
(
√
p−√

q)2 ≤ δvol(p, q) ≤
1

2
(
√
p−√

q)2.

Proof. Starting with the lower bound, we recall the power-mean inequality, which is a funda-
mental consequence of Jensen’s inequality. Since d ≥ 2, it gives

√
pq ≤

(︄
p1/d + q1/d

2

)︄d
≤
(︃√

p+
√
q

2

)︃2

.

Subtracting these inequalities from (p+ q)/2 gives both bounds. □

As a result δBM controls a shape mismatch after volume normalization, whereas δvol handles
any dilation that might be introduced by a mismatch of volumes. We record in the following
theorem, as a consequence of (3.18) that these two deficits control the L1 norm between convex
bodies, in a way that is well adapted to handle the distance between level sets.

Theorem 3.3 (Convex Brunn–Minkowski stability). For convex bodies E,F ⊂ Rd with d ≥ 2,

(3.22) inf
v∈Rd

|E △ (F − v)|2 ≤ Bconv
d (|E|+ |F |)[δBM(E,F ) + δvol(E,F )].

The constant can be chosen with Bconv
d ≤ eCd.

Proof. Our starting point is the relative asymmetry estimate of Figalli–Maggi–Pratelli [FMP09];
denote its constant in (3.18) by Ad, and set p = |E|, q = |F | and ρ = (p/q)1/d. First we sup-
pose that p/q ∈ [1/2, 2]. After translating F so that it contains the origin, its dilates are
nested. Choosing a translation v attaining the relative asymmetry gives

inf
z
|E △ (z + F )| ≤ pA(E,F ) + |p− q|.

Writing b = ((p1/d + q1/d)/2)d ≥ p/2, the concavity of t1/d gives

|(E + F )/2|1/d

b1/d
− 1 ≤ δBM(E,F )

db
.

Combining this with (3.18) and |p − q|2 ≤ 8(p + q)δvol(p, q) proves the desired estimate with
Bconv
d ≤ C(1 +Ad/d) in this case.
If the volumes are not comparable, the lower bound in Lemma 3.2 gives δvol(p, q) ≥ c(p+q),

and the bound by p+q finishes the proof. Finally, the constants in the proof of [FMP09] satisfy
Ad ≤ eCd, so the same is true of Bconv

d . □

3.3. Two estimates on the heights. Our goal is to apply the quantitative version of Brunn-
Minkowski discussed in the previous paragraph to suitable sections of the epigraphs of f, g.
This naturally introduces translations, which are desirable to capture the equality cases of the
Prékopa-Leindler inequality. These correspond to horizontal translations of the epigraphs, but
simply applying Theorem 3.3 also yields an undesired vertical translation, and hence we must
be able to control both.

In this section we will derive two estimates on the distances between the height distributions
µ and ν. The notion of distance being employed will be chosen to capture each one of these
sources of translations; indeed, we will prove later on that the Wasserstein distance W 2

2 (µ, ν)
controls horizontal translations of the epigraph, while an L1 estimate controls height transla-
tions. This is in accordance with the intuition that optimal transport gives rise to horizontal
distances, while in the Lp space we measure vertical deviations, see the discussion on the start
of Chapter 5 of [San15].

Lemma 3.4. Let µ, ν ∈ P(R) be defined as in (3.12) and the map T defined in (3.13). Then
the following bound holds

(3.23)
ˆ
R

[︁
|T (q)− q|2 + | log T ′(q)|2

]︁
dµ(q) ≤ 16(n+ 1)δPL.
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In particular, since T is the Brenier map transporting µ onto ν we obtain that

W 2
2 (µ, ν) ≤ 16(n+ 1)δPL.

In addition, setting c(q) def.
= |Cq|, dµh(q)

def.
= Me−qc(q)dq, and defining the new transporta-

tion map

S def.
=

id+T
2

,

there is a nonnegative measure ξ such that

(3.24) µh = S♯µ+ ξ, ξ(R) = δPL.

Proof. Recalling the expression for the deficits (3.16) obtained in section 3.1

δratio(q) = cosh

(︃
log T ′(q) + (q − T (q))

2n

)︃n
− 1,

δid(q) = cosh

(︃
log T ′(q)

2

)︃
− 1,

we have obtained by carefully tracking the deficits in the qualitative proof the expression
in (3.15) which is rewritten here as

(3.25)
ˆ [︃

cosh

(︃
log T ′(q) + (q − T (q))

2n

)︃n
− 1 + cosh

(︃
log T ′(q)

2

)︃
− 1

]︃
dµ ≤ δPL.

Using the elementary inequalities cosh v ≥ 1 + v2/2 and (1 + x)n ≥ 1 + nx for x ≥ 0, coming
for instance from the Taylor expansion of cosh, we have that

(3.26)
ˆ [︁

log T ′(q) + (q − T (q))
]︁2

dµ ≤ 8nδPL,

while
´
| log T ′|2 dµ ≤ 8δPL. More precisely, the sum of these two squared quantities divided

by 8n and 8, respectively, is at most δPL. The elementary inequality |a−b|2+|b|2 ≤ 2|a|2+3|b|2
therefore proves (3.23).

To prove (3.24), we start by going back to the pointwise estimate done in the proof of
Theorem 2.1. Indeed, we recall the notation

Ft
def.
= {f > t}, Gt

def.
= {g > t}, Ht

def.
= {h > t},

so that the Prékopa condition allows us to apply the Brunn-Minkowski inequality for any
convex combination of level sets, in particular we have(︄

|Ft|1/n + |GT (t)|1/n

2

)︄n
≤ |Hu(t)|,

where u(t) = t1/2T (t)1/2. Following once again the arguments from Theorem 2.1, we multiply
both sides by u′(t), and we express the left-hand side in terms only of |Ft| and the map T by
means of the Monge-Ampère equation associated with T . These computations then yield

|Hu(t)|u′(t) ≥ |Ft| (1 + δratio(t)) (1 + δid(t)) .

After the change of variations to the logarithmic scale from Section 3.1, we retain the pointwise
bound

Me−S(q)c(S(q))S ′(q) ≥Me−qa(q)[1 + δratio(Me−q)][1 + δid(Me−q)] ≥Me−qa(q),

where c(q) def.
= |{U < q}| = |{h > t(q)}|, and we set dµh(q)

def.
= Mc(q)e−qdq.

From the layer cake formula, we then have that

1 + δPL =

ˆ
Rn

h(z)dz = µh(R) =M

ˆ
R
e−S(q)c(S(q))S ′(q)dq

≥M

ˆ
R
e−qa(q)dq =

ˆ
Rn

f(x)dx = 1.
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So defining ξ def.
= µh − (S)♯µ, it follows directly that ξ(R) = δPL, and we must only show that

it is a nonnegative measure. For this, given an arbitrary smooth nonnegative function φ it
suffices to integrate the above pointwise estimate against φ(S) to get thatˆ

R
φdµh =M

ˆ
R
φ(S(q))e−S(q)c(S(q))S ′(q)dq

≥M

ˆ
R
φ(S(q))e−qa(q)dq =

ˆ
Rn

φd(S♯µ).

Hence ξ ≥ 0 in the sense of distribution, and the result follows. □

Now we move on to the vertical distance estimate between µ, ν by means of the global deficit
δPL. Once again this will be a direct consequence of carefully keeping track of the remainder
deficits coming from the qualitative proof.

Lemma 3.5. For the measures µ, ν defined in (3.12), we have

(3.27) ∥µ− ν∥L1(R) =M

ˆ
R
e−q|a(q)− b(q)|dq ≤ 4

√︁
2nδPL.

In particular, since Bq = ∅ for q ≤ 0,

(3.28) M

ˆ 0

−∞
e−q|Aq △ (Bq − z)|dq = µ((−∞, 0]) ≤ 4

√︁
2nδPL for every z ∈ Rn.

Proof. Carrying the deficits in Euclidean height in the qualitative proof yields the following
inequality ˆ ∞

0
|Ft|

[︄(︄
T ′(t)

1
2n + T ′(t)−

1
2n

2

)︄n
− 1

]︄
dt ≤ δPL.

Using cosh v ≥ 1 + v2/2 and (1 + x)n ≥ 1 + nx, this gives

(3.29)
ˆ ∞

0
|Ft| | log T ′(t)|2dt ≤ 8nδPL.

Now, to compare the two distributions, it is useful to recall the Monge-Ampère equation
matching them

|Ft| = |GT (t)|T ′(t)

and define the following change of variables

S(t) =

ˆ t

0
min{1, T ′(r)}dr.

As a result, we clearly have S(t) ≤ t and S(t) ≤ T (t). We then define the profiles

α(s)
def.
= |FS−1(s)|, β(s)

def.
= |GT◦S−1(s)|

meaning that α(S(t)) = |Ft| and β(S(t)) = |GT (t)|. Since t ↦→ |Ft| is nonincreasing, by
definition, as well as t ↦→ |GT (t)| thanks to the monotonicity of T , it follows that

α(s) ≤ |Fs|, β(s) ≤ |Gs|

for all s ≥ 0.
Now, turning our attention to our quantity of interest, we have from our previous change

of variables and the triangle inequality that

∥µ− ν∥L1 =

ˆ ∞

0
||Ft|−|Gt||dt ≤

ˆ ∞

0
||Ft| − α(t)|dt⏞ ⏟⏟ ⏞

I1

+

ˆ ∞

0
||Gt| − β(t)|dt⏞ ⏟⏟ ⏞

I2

+

ˆ ∞

0
|α(t)− β(t)|dt⏞ ⏟⏟ ⏞

I3

,
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while each of these integrals is given by

I1 =

ˆ ∞

0
|Ft|

(︁
1−min{1, T ′}

)︁
dt, I2 =

ˆ ∞

0
|Ft|

(︃
1− min{1, T ′}

T ′

)︃
dt,

I3 =

ˆ ∞

0
|Ft|min{1, T ′}

⃓⃓⃓⃓
1− 1

T ′

⃓⃓⃓⃓
dt.

Summing all the integrands above we obtain

2
|T ′ − 1|

max{1, T ′}
≤ 2| log T ′|.

Combining this with (3.29) and Cauchy–Schwarz gives (3.27). The last assertion follows from
b(q) = 0 for q ≤ 0. □

3.4. Overlapping epigraph chunks, their volume, and the lift. The biggest virtue of the
qualitative proof of the Prékopa-Leindler inequality from Theorem 2.1 is the confirmation of
our understanding that it can be seen as a functional version of Brunn-Minkowski. Therefore,
it is conceptually clear that the stability of Prékopa-Leindler could, in principle, be attained
by applying the stability of Brunn-Minkowski over its level sets and gluing everything back
together via the Cavalieri principle to obtain an estimate on the L1 distance between the
log-concave measures f, g. The issue is that from Brunn-Minkowski, we obtain a continuum
of translations, potentially a different one for each level set, which cannot be easily glue back
together.

A very natural way of circumventing this is to make quantitative the philosophy behind
Lemma 2.2, where the translation zt of the level set t is proved to behave in the order |t− s|2,
being therefore constant. Instead, our approach is to consider chunks of level-sets from the
epigraphs of the functions f, g.

For this, we shall work with the epigraphs in the log-scale, where the Prékopa condition
becomes a Minkowski sum, and consider chunks of level sets so that we end up with countably
many translations, so having a common one for each chunk, instead of a continuum. To
implement this idea, consider a log-concave function e−P associated with a convex potential
P : Rn → R ∪ {+∞}. One can define a chunk of the epigraph of e−P around the level r as

Qr(P )
def.
= {(x, q) ∈ Rn × R : P (x) < q, |q − r| < 2} .

Since P is convex and e−P is integrable, its sublevels are bounded, and therefore Qr(P ) is a
bounded convex set of Rn+1.

A simple application of Fubini’s Theorem shows that the volume of Qr(P ) is written as

|Qr(P )| =
ˆ
{P (x)<q, |q−r|<2}

1dxdq =

ˆ r+2

r−2
|{P (x) < q}|dq.

Hence, recalling dµ = Me−qa(q)dq, where a(q) = |{V < q}|, we can express the weighted
volume as a convolution with a squared window

(3.30) Me−r|Qr(V )| =Me−r
ˆ r+2

r−2
a(q)dq =

ˆ +∞

−∞
e−(r−q)1|r−q|<2dµ = µ ⋆ κ0(r),

where the square window is defined as κ0
def.
= e−s1|s|<2. The analogous identity holds for ν.

In the sequel, we shall consider the following chunks: for r ∈ R define

(3.31) Er
def.
= Qr(V ), Fr

def.
= Qr(W ), Hr

def.
= Qr(U),

so that we have

(3.32) Me−r|Er| = µ ⋆ κ0(r), Me−r|Fr| = ν ⋆ κ0(r).
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As a result, from Fubini and fundamental properties of the convolution operation (see for
instance [AFP00, Chap. 2]), setting K0

def.
= ∥κ0∥L1(R) it holds that

(3.33)

M

ˆ
R
e−r|Er|dr = K0 ∥f∥L1(Rn) = K0,

M

ˆ
R
e−r|Fr|dr = K0 ∥g∥L1(Rn) = K0,

M

ˆ
R
e−r|Hr|dr = K0 ∥h∥L1(Rn) = K0(1 + δPL).

Notice that the integrals must be taken over all the real line, which will be slight technical
complication afterward.

This simple computation shows that the integrals of these quantities carry exactly the
information of δPL. As a result, using this construction to estimate the desired distance with
the deficit depends on being able to control the terms δBM(Er, Fr) δvol(|Er|, |Fr|), which we
do in the following Lemma.

Lemma 3.6. For r > 0, define the quantity

(3.34) δ(r)
def.
= |Hr| −

(︄
|Er|1/d + |Fr|1/d

2

)︄d
with d = n+ 1.

Then for r > 1/4 we have that both level set chunks Er, Fr have positive volume, so that
0 ≤ δBM(Er, Fr) ≤ δ(r), and there exists an absolute constant C for which it holds that

M

ˆ ∞

1/2
e−rδvol(Er, Fr)dr ≤ C(n+ 1)2δPL,(3.35)

M

ˆ ∞

1/2
e−rδBM(Er, Fr)dr ≤ C(n+ 1)2δPL.(3.36)

Proof. Let us start with estimate (3.35), which will later be used in the proof of (3.36). From
Lemma 3.2, the chunk volume identity from (3.32), and the fact that T♯µ = ν is optimal
alongside the transport estimates from µ to ν via the deficit δPL obtained in Lemma 3.4, it
suffices to show that

(3.37)

ˆ ∞

1/4
(
√
µ ⋆ κ0(r)−

√
ν ⋆ κ0(r))

2
dr ≤ C(n+ 1)

ˆ
R
|q − T (q)|2dµ(q)

= C(n+ 1)W 2
2 (µ, ν) ≤ C(n+ 1)2δPL.

Let then (ϱt)t∈[0,1] be the Wasserstein geodesic connecting µ, ν, which are defined as

ϱt
def.
= (Tt)♯µ, Tt

def.
= (1− t) id+tT ,

as considered in Lemma 3.1. The Benamou-Brenier formula states that this interpolation
solves the continuity equation

∂tϱt + div(ϱtvt) = 0, where vt
def.
= (T − id) ◦ T −1

t ,

or equivalently, if we work with momentum variables Mt
def.
= ϱtvt so that ∂tϱt+divMt = 0 andˆ 1

0

ˆ
R

|Mt|2

ϱt
dqdt =W 2

2 (µ, ν) ≤ 16(n+ 1)δPL.

Now we want to turn this into a suitable interpolation for the convolutions µ ⋆ κ0, ν ⋆ κ0.
This can easily be done as

ηt(r)
def.
= ϱt ⋆ κ0(r) =

ˆ r+2

r−2
eq−rϱt(q)dq, for all t ∈ [0, 1].



24 JOÃO MIGUEL MACHADO AND JOÃO P. G. RAMOS

Going back to the very first quantity we wanted to estimate in this proof, the fundamental
theorem of calculus gives

ˆ ∞

1/4
(
√
µ ⋆ κ0(r)−

√
ν ⋆ κ0(r))

2
dr ≤

ˆ ∞

1/4

(︃ˆ 1

0

∂tηt√
ηt
dt

)︃2

dr ≤
ˆ ∞

1/4

ˆ 1

0

|∂tηt|2

ηt
dtdr.

In the sequel, we can compute ∂tηt through the continuity equation solved by ϱt and ele-
mentary properties of the convolution operator. Indeed, since the Wasserstein geodesic ϱt is
an absolutely continuous curve we can apply differentiation under the integral sign to obtain
that

∂tηt(r) =

ˆ
R
∂tϱt(q)κ0(r − q)dq = −

ˆ r+2

r−2
∂qMt(q)e

−(r−q)dq

= e−2Mt(r − 2)− e2Mt(r + 2) +

ˆ r+2

r−2
eq−rMt(q)dq.

As a result, back to the previous estimate on the Hellinger distance, our goal is to estimate

|∂tηt|2

ηt
≤ C

[︄
Mt(r − 2)2

ηt
+
Mt(r + 2)2

ηt
+

1

ηt

(︃ˆ r+2

r−2
eq−rMt(q)dq

)︃2
]︄
,

and it suffices to estimate each term. The first one uses (3.6) the first identity from item (c) of
Lemma 3.1. Indeed, using this mentioned identity for each q in the integration interval being
bounded from below with the value at r − 2 we get

ηt(r) =

ˆ r+2

r−2
eq−rϱt(q)dq ≥

ˆ r+2

r−2
e−2ϱt(r − 2)dq = 4e−2ϱt(r − 2).

As result, using that Mt = ϱtvt, we get

Mt(r − 2)2

ηt
≤ Cϱt(r − 2)|vt(r − 2)|2.

Similarly for the second term, write Q = r + 2 and ε = 1/(n+ 1). Since mt ≤ 0 and r > 1/4,
we have Q−mt > 2. For 0 ≤ s ≤ ε, the second bound (3.7) gives

ϱt(Q− s) ≥
(︃
1− 1

2(n+ 1)

)︃n+1

ϱt(Q) ≥ 1

2
ϱt(Q).

Integrating only on [Q− ε,Q], we obtain ηt(r) ≥ cϱt(r + 2)/(n+ 1), and hence

Mt(r + 2)2

ηt(r)
≤ C(n+ 1)ϱt(r + 2)|vt(r + 2)|2.

As for the last term, we use Cauchy–Schwarz:

1

ηt(r)

(︃ˆ r+2

r−2
eq−rMt(q)dq

)︃2

≤
ˆ r+2

r−2
eq−rϱt(q)|vt(q)|2dq.

Its integral in r is at most K0

´
ϱt|vt|2 by Fubini. Integrating all these estimates over r > 1/4

we obtain the desired bound (3.37). Finally, using the upper bound on (3.21) from Lemma 3.2,
the first identity (3.35) follows.

Now, for the second identity (3.36), set K0 =
´
R κ0. Fubini gives the exact global mass

identities

(3.38) M

ˆ
R
e−r|Er|dr =M

ˆ
R
e−r|Fr|dr = K0, M

ˆ
R
e−r|Hr|dr = K0(1 + δPL),

Notice that these identities require an integral over r ∈ R, since the overlap of level set chunks
will forcibly give a positive mass to some negative centers. Hence instead of the previous
integrals of fixed volume, we use a selecting kernel β ∈ C2(R) with 0 ≤ β ≤ 1, β = 0 on
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(−∞, 1/4], and β = 1 on [1/2,∞), with bounded first and second derivatives. This induces
the following test function

Ψ(q) =

ˆ 2

−2
e−tβ(q + t)dt,

which satisfies 0 ≤ Ψ ≤ K0 and ∥Ψ′′∥∞ ≤ K0∥β′′∥∞. Now applying Fubini to the weighted
mass integral gives

M

ˆ
R
β(r)e−r|Er|dr =

ˆ
R
Ψ(q)dµ(q),

M

ˆ
R
β(r)e−r|Fr|dr =

ˆ
R
Ψ(q)dν(q),

M

ˆ
R
β(r)e−r|Hr|dr =

ˆ
R
Ψ(q)dµh(q).

We now use (3.24); namely µh = S♯µ + ξ with S = (id+T )/2, together with ν = T♯µ.
Subtracting the first two identities from the third gives

(3.39)

M

ˆ
R
β(r)e−r

[︃
|Hr| −

|Er|+ |Fr|
2

]︃
dr

=

ˆ
R
Ψd

(︃
µh −

µ+ ν

2

)︃
=

ˆ
R
Ψdξ +

ˆ
R

[︃
Ψ

(︃
q + T (q)

2

)︃
− Ψ(q) + Ψ(T (q))

2

]︃
dµ(q)

≤ K0δPL +
∥Ψ′′∥∞

8

ˆ
R
|T (q)− q|2dµ(q) ≤ C(n+ 1)δPL,

where we have used that the nonnegative measure ξ has mass δPL from Lemma 3.4.
By definition,

δ(r) = |Hr| −
|Er|+ |Fr|

2
+ δvol(Er, Fr).

The scalar estimate already proved on r ≥ 1/4, together with (3.39), therefore yields

M

ˆ
R
β(r)e−rδ(r)dr ≤ C(n+ 1)2δPL.

On the other hand, if r ≥ 1/4 both Er and Fr have positive volume so that 0 ≤ δBM(Er, Fr) ≤
δ(r) and we get that

M

ˆ ∞

1/2
e−rδBM(Er, Fr)dr ≤M

ˆ ∞

1/2
e−rδ(r)dr ≤ C(n+ 1)2δPL,

and assertion (3.36) follows. □

3.5. Proof of the quantitative Prékopa–Leindler estimate, Theorem 1.1. We now
combine the estimates obtained above and prove (1.4). Recall that we are first working at the
midpoint, under the normalization (3.1), and that 0 < δPL ≤ 1. Our choice of the common
reference height ensures that both Er and Fr have positive volume for every r ≥ 1/2, without
a smallness condition on m.

We start by applying Theorem 3.3 to each pair of chunks Er, Fr ⊂ Rn+1. Combining the
conclusion of Lemma 3.2, identity (3.38), and an easy application of the Cauchy–Schwarz
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inequality give
(3.40)

M

ˆ ∞

1/2

e−r inf
v∈Rn+1

|Er △ (Fr − v)|dr

≤
√︂
Bconv

n+1

(︄
M

ˆ ∞

1/2

e−r(|Er|+ |Fr|)dr

)︄1/2(︄
M

ˆ ∞

1/2

e−r[δBM(Er, Fr) + δvol(Er, Fr)]dr

)︄1/2

≤ C(n+ 1)
√︂
Bconv

n+1 δPL.

For each r, the translation furnished by Brunn–Minkowski belongs to Rn+1 and may depend
on the chunk’s center. We write it as v = (z, u), where z ∈ Rn is the horizontal component
and u ∈ R is the vertical, or height, component. Only the z component corresponds to a
translation of the original functions. We must therefore remove u and then show that the
remaining horizontal translations can all be replaced by a single horizontal translation.

Step 1: Removing the vertical translations. For r ≥ 1/2, we recall that both Er, Fr are
non-empty, and we set

χ(r) =

ˆ r+2

r−2
|a(q)− b(q)|dq.

We first show that, for every v = (z, u),

(3.41) |Er △ (Fr − (z, 0))| ≤ 2|Er △ (Fr − v)|+ χ(r).

To prove this, consider the height marginals

mE(q) = a(q)1(r−2,r+2)(q), mF (q) = b(q)1(r−2,r+2)(q).

The sections of Fr and Fr− (0, u) at each height are nested level sets, or one of them is empty.
Hence

|Fr △ (Fr − (0, u))| = ∥mF −mF (·+ u)∥1.
Taking marginals decreases the L1 distance, and therefore

∥mE −mF (·+ u)∥1 ≤ |Er △ (Fr − v)|, ∥mE −mF ∥1 = χ(r).

Two applications of the triangle inequality prove, more precisely,

|Er △ (Fr − (z, 0))| ≤ 2|Er △ (Fr − v)|+ χ(r).

Define the error after allowing only horizontal translations of chunks by

(3.42) E(r) = inf
z∈Rn

ˆ r+2

r−2
|Aq △ (Bq − z)|dq.

Now, once height translations are removed, epigraph translations are reflected back to the
original functions via the identity

|Er △ (Fr − (z, 0))| =
ˆ r+2

r−2
|Aq △ (Bq − z)|dq,

which can be combined with (3.41) yielding

E(r) ≤ 2

(︃
inf

v∈Rn+1
|Er △ (Fr − v)|+ χ(r)

)︃
.

The first term is controlled after integration by (3.40). For the second one, Fubini gives

M

ˆ ∞

1/2
e−rχ(r)dr ≤ K0M

ˆ
R
e−q|a(q)− b(q)|dq

= K0∥µ− ν∥L1(R) ≤ C
√︁
nδPL,
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where the last estimate is (3.27). Consequently,

(3.43) M

ˆ ∞

1/2
e−rE(r)dr ≤ C(n+ 1)(1 +

√︂
Bconv
n+1 )

√︁
δPL.

Step 2: Joining the horizontal translations. Estimate (3.43) still allows a different horizontal
translation for each chunk, for a continuum of these, which yields a continuum of translations.
So first we bound this integral from below with a series, which selects only countably many
chunks, and we exploit the overlap of consecutive ones to replace their corresponding sequence
of horizontal translations by a single vector.

For each integer k ≥ 0, first notice that for r ∈ [k + 1/2, k + 3/4] we have e−k ≤ e3/4e−r,
hence applying the mean value theorem we can choose rk in this interval so that

(3.44)
∑︂
k≥0

e−kE(rk) ≤ 4e3/4
ˆ ∞

1/2
e−rE(r)dr.

Let zk be a minimizing translation for E(rk). Both intervals [rk − 2, rk + 2] and [rk+1 −
2, rk+1 + 2] contain [k + 1, k + 2]. Hence, up to another averaging argument, there exists
ρk ∈ [k + 1, k + 2] such that

(3.45) |Bρk △ (Bρk + zk+1 − zk)| ≤ E(rk) + E(rk+1).

Estimate (3.45) controls the effect of the translation zk+1 − zk at the single level ρk. To
join all translations, we need to control the same effect at every other level, rather than the
Euclidean distance |zk+1 − zk|. The convexity of W and minW = 0 give, for 0 < r ≤ s and
v ∈ Rn,
(3.46) |Br △ (Br + v)| ≤ |Bs △ (Bs + v)| ≤ (s/r)n|Br △ (Br + v)|.
Indeed, integration along lines parallel to v writes the symmetric difference of a convex body K
as twice the integral of min{|v|, length of the chord of K}. This quantity is monotone under
inclusion, and increases by at most tn under a dilation by t ≥ 1. Apply these facts to the
inclusions from Lemma 3.1(a).

Now we fix the translation zn, associated with a chunk near height n. This choice keeps track
of the dimensional loss in the following summation. If q ∈ [k, k + 1], the triangle inequality
gives

(3.47) |Aq △ (Bq − zn)| ≤ |Aq △ (Bq − zk)|+
max{k,n}−1∑︂
j=min{k,n}

|Bq △ (Bq + zj+1 − zj)|.

The local terms integrate to at most
∑︁

k≥0 e
−kE(rk), because [k, k + 1] ⊂ (rk − 2, rk + 2).

For j < n, the increment is used only at heights q ≤ j+1 ≤ ρj . The first inequality in (3.46)
therefore bounds all these contributions by

n−1∑︂
j=0

[E(rj) + E(rj+1)] ≤ 2en
∑︂
k≥0

e−kE(rk).

For j ≥ n, the increment is used only at q ≥ j +1. Combining both inequalities in (3.46) and
ρj ≥ j + 1 gives

(3.48) |Bq △ (Bq + zj+1 − zj)| ≤
(︃

q

j + 1

)︃n
[E(rj) + E(rj+1)], q ≥ j + 1.

The corresponding tail satisfiesˆ ∞

j+1
e−q

(︃
q

j + 1

)︃n
dq ≤ e−j−1

ˆ ∞

0
e−s(1−n/(j+1))ds

= e−j−1 j + 1

j + 1− n
≤ (n+ 1)e−j−1.
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Reversing the order of summation in (3.47), and then using (3.44), proves

(3.49)
ˆ ∞

0
e−q|Aq △ (Bq − zn)|dq ≤ Cen

ˆ ∞

1/2
e−rE(r)dr.

Notice that the argument controls the symmetric difference produced by the changes zj+1−zj ;
no estimate of their Euclidean lengths is required. Anchoring at zn avoids propagating the
first increment from a height of order one up to heights of order n.

Finally, multiply (3.49) by M and use (3.43). The negative heights are controlled by (3.28).
By (3.11), we obtain

(3.50) ∥f − g(·+ zn)∥1 ≤ Cen(n+ 1)(1 +
√︂
Bconv
n+1 )

√︁
δPL ≤ eCn

√︁
δPL.

This proves the midpoint estimate for 0 < δPL ≤ 1. The reduction in Corollary 1.3, followed
by the mass normalization, proves (1.4) for every λ ∈ (0, 1).

4. Once again, but faster: one log-concave input and beyond

A careful inspection of the previous proof reveals that the assumption of f, g being log-
concave is only actively essential on the growth estimates proved in Lemma 3.1, which in their
turn are crucial for estimating the Hellinger-type distance

∥
√
µ ⋆ κ0 −

√
ν ⋆ κ0∥2L2 ≤ CnW

2
2 (µ, ν),

with the Wasserstein distance between the height distributions. If the kernel κ0 was smoother
instead of the squared window kernel κ0

def.
= e−s1{|s|<2}, this estimate could have been much

more easily established. Of course, another kernel would mean another way of selecting chunks
that is much less natural, but let us entertain this idea for a while.

For this reason, in this section we consider the following kernel generated by the trapezoidal
window ϕ below

(4.1) κ(s)
def.
= πe−sϕ(s)2, where ϕ(s) def.

=

⎧⎪⎨⎪⎩
1, |s| ≤ 1,

2− |s|, 1 ≤ |s| ≤ 2,

0, otherwise.

The same argument would work with other kernels, but this one has the virtue of being
conceptually close to the square window kernel κ0. The middle part being constant and equal
1, has the same function from before regarding the overlap of chunks, while the linear decay
of ϕ and squaring it in the definition of κ ensures that

√
κ ∈ H1(R).

Using this improved regularity, we can establish the Wasserstein estimate with a very simple
argument. The issue is that if f is not log-concave, then its corresponding height distribution
µ might not have finite second moments in the logarithmic scale, so the Wasserstein distance
between them might not be finite.

Lemma 4.1. Let µ, ν be the logarithmic height distributions of two normalized inputs, defined
as in (3.12), and let T be their monotone transport. No log-concavity is assumed. Then we
have

(4.2)
ˆ
R

⃓⃓√︁
µ ⋆ κ(r)−

√︁
ν ⋆ κ(r)

⃓⃓2
dr ≤ Cκ

ˆ
R
min{|q − T (q)|2, 1}dµ(q).

Here Cκ = max{∥(
√
κ)′∥22, 4∥κ∥1}, which is absolute for the fixed kernel above. If in addition

µ, ν ∈ P2(R), then

(4.3)
ˆ
R

⃓⃓√︁
µ ⋆ κ(r)−

√︁
ν ⋆ κ(r)

⃓⃓2
dr ≤ ∥

(︁√
κ
)︁′∥22W 2

2 (µ, ν).
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Proof. Recall that T is the monotone map transporting µ onto ν; its definition as a monotone
rearrangement does not require finite second moments. Define the plan π0 = (id, T )♯µ, whose
first and second marginals are µ and ν. Then

µ ⋆ κ(r) =

ˆ
κ(r − q)dπ0(q, s), ν ⋆ κ(r) =

ˆ
κ(r − s)dπ0(q, s).

Since κ ≥ 0 is bounded and π0 is a probability measure, for every fixed r ∈ R the functions

φr(q, s)
def.
=
√︁
κ(r − q), ψr(q, s)

def.
=
√︁
κ(r − s)

belong to L2(π0). As the first and second marginals of π0 are µ and ν, the two identities above
read √︁

µ ⋆ κ(r) = ∥φr∥L2(π0),
√︁
ν ⋆ κ(r) = ∥ψr∥L2(π0).

The reverse triangle inequality for the norm of L2(π0),⃓⃓
∥φr∥L2(π0) − ∥ψr∥L2(π0)

⃓⃓
≤ ∥φr − ψr∥L2(π0),

therefore gives, after squaring, for every r,⃓⃓√︁
µ ⋆ κ(r)−

√︁
ν ⋆ κ(r)

⃓⃓2 ≤ ˆ ⃓⃓√︁κ(r − q)−
√︁
κ(r − s)

⃓⃓2
dπ0(q, s).

Integrating in r and using Fubini yields

(4.4)
ˆ
R

⃓⃓√
µ ⋆ κ−

√
ν ⋆ κ

⃓⃓2
dr ≤

ˆ
R2

∥
√︁
κ(· − q)−

√︁
κ(· − s)∥22dπ0(q, s).

For the chosen kernel it holds that
√
κ ∈ H1(R), so that the fundamental theorem of calculus

for translations in H1 gives

∥
√︁
κ(· − q)−

√︁
κ(· − s)∥22 ≤ ∥

(︁√
κ
)︁′∥22|q − s|2.

The triangle inequality also gives the uniform bound

∥
√︁
κ(· − q)−

√︁
κ(· − s)∥22 ≤ 4∥

√
κ∥22.

Taking the better of these two estimates in (4.4) proves (4.2), for instance with

Cκ = max
{︂
∥
(︁√
κ
)︁′∥22, 4∥√κ∥22}︂ .

If µ, ν ∈ P2, use only the first translation estimate and the optimality of T gives (4.3). □

On the one hand, this argument has the clear advantage of not using log-concavity, but
the interpretation of the convolution kernel as the volume of a chunk of the epigraphs is lost,
instead we obtain a weighted volume of epigraph chunks. The issue is that to the best of our
knowledge, there is no quantitative Brunn-Minkowski theory that can deal with the weighted
measure that appears naturally. As a result, we unfold the epigraph in Rn+3 which implies a
disintegration of the weighted measure over Rn+1 into the Lebesgue measure over Rn+3. After
this lift, the remaining arguments remain almost unchanged.

4.1. Review of notation. Throughout this section, f is an arbitrary nonnegative measurable
function and g is log-concave. Here the reduction to the midpoint argument from Corollary 1.3
does not hold, since we need both inputs to be log-concave. As a result, we keep the dependence
on λ. We can still assume the normalization

´
f =

´
g = 1, but the Prékopa condition (1.1)

for h now reads
h(λx+ (1− λ)y) ≥ f(x)λg(y)1−λ,

so we set
τ

def.
= min{λ, 1− λ}, δPL = δPL(λ)

def.
=

ˆ
Rn

h− 1.

Our goal is to obtain an estimate of order
√︁
δPL/τ , while keeping track of the dimensional

constant. We assume δPL > 0; no dimensional smallness threshold will be needed.
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We keep the notation from Section 3.1, taking the smaller of the two maximum heights as
the common reference:

(4.5)
M = min{ess sup f, ∥g∥∞}, f =Me−V , g =Me−W , h =Me−U ,

mg
def.
= minW = log

M

∥g∥∞
≤ 0.

where M is finite and positive even if f is unbounded. Only W is convex; the potentials may
take negative values, and V,U need not be convex. Both inputs have positive-volume level
sets at every q > 0, while at least one has level sets of zero volume for q ≤ 0.

The change of variables to the log-scale works similarly to the definition of the sets Aq, Bq, Cq
from (3.5); their masses a(q), b(q), c(q), and the layer-cake formulas connecting these quantities
to f, g from 3.11 remain the same. The central objects to the height transport method are
still the one-dimensional distributions

(4.6) dµ(q)
def.
= Ma(q)e−qdq, dν(q)

def.
= Mb(q)e−qdq,

as well as the Brenier map transporting them, which in log-scale is represented by T and still
satisfies 3.13,(3.14).

These identities require no moment assumption on µ, which is no longer log-concave in
general, and Lemma 3.1 only applies to ν, which is log-concave. In particular, we still have
that if x⋆ minimizes W then

(4.7)
Br ⊂ Bs ⊂ x⋆ +

s−mg

r −mg
(Br − x⋆),

b(s) ≤
(︃
s−mg

r −mg

)︃n
b(r) ≤ (s/r)nb(r), 0 < r ≤ s.

Since s ↦→ b(mg + s)/sn is nonincreasing, comparing its exponentially weighted integrals on
(0, s) and (s,∞) gives

(4.8) ν((mg,mg + s)) ≥ 1

n!

ˆ s

0
e−qqndq, s > 0.

Passing to the Brunn–Minkowski stability that we will employ here, we shall use the tech-
nology developed by Barchiesi and Julin [BJ17, Theorem 2] since it simultaneously yields
the sharp exponent 1/2 and the optimal dependence on λ, while considering only one convex
body and a general measurable set, differently from previous approaches such as [FMP09].
Their result is formulated as a stability estimate for the Euclidean concentration inequality,
as follows.

Theorem 4.2 ([BJ17, Theorem 2]). Let d ≥ 2 and let K ⊂ Rd be an open, bounded and
convex set containing the origin. There exists a constant cd > 0, depending only on d, such
that for every r > 0 and every measurable set E ⊂ Rd with |E| = |K|,

|E + rK| − |(1 + r)K| ≥ cdmax{rd−1, r} 1

|E|
inf
x∈Rd

⃓⃓
(E + x)△K

⃓⃓2
.

In terms of the deficit δBM from (4.9), Theorem 4.2 reads as follows for sets of equal volume.

Corollary 4.3. Let d ≥ 2, let E ⊂ Rd be measurable and let F ⊂ Rd be a convex body with
|E| = |F | > 0. Then

inf
v∈Rd

|E △ (F − v)|2 ≤ 2d−1

cd

|E|
τ
δBM(E,F ),

where cd is the constant of Theorem 4.2.

Proof. Replacing F by F + y translates λE + (1 − λ)F by (1 − λ)y and only shifts the
variable v, so neither side of the estimate changes, and we may assume that the origin lies
in the interior of F . Let K be the interior of F . Since the boundary of a convex body
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is a null set, |K| = |F | = |E| and |E △ (K − v)| = |E △ (F − v)| for every v; moreover
λE + (1 − λ)K ⊆ λE + (1 − λ)F , so that δBM(E,K) ≤ δBM(E,F ). It therefore suffices to
prove the estimate for K.

Set r def.
= (1−λ)/λ. Then λE+(1−λ)K = λ(E+rK) and, as K is convex, (1+r)K = λ−1K.

Since |E| = |K|, we have (λ|E|1/d + (1− λ)|K|1/d)d = |K|, and hence

δBM(E,K) = λd|E + rK| − |K| = λd
(︁
|E + rK| − |(1 + r)K|

)︁
.

By Theorem 4.2, and since |(E + x)△K| = |E △ (K − x)|,

δBM(E,K) ≥ cd λ
dmax{rd−1, r} 1

|E|
inf
v∈Rd

|E △ (K − v)|2.

Finally, λdrd−1 = λ(1− λ)d−1 and λdr = λd−1(1− λ). If λ ≤ 1/2, the first of these is at least
21−dλ; if λ ≥ 1/2, the second is at least 21−d(1− λ). In both cases λdmax{rd−1, r} ≥ 21−dτ ,
which concludes the proof. □

To establish notation, once again we keep the parameter λ in both deficits:

(4.9)
δBM(E,F )

def.
= |λE + (1− λ)F | − (λ|E|1/d + (1− λ)|F |1/d)d,

δvol(E,F )
def.
= λ|E|+ (1− λ)|F | − (λ|E|1/d + (1− λ)|F |1/d)d.

As before, δvol(p, q) denotes the scalar expression with volumes p, q and we have the following
bounds

(4.10)
τ

2
(
√
p−√

q)2 ≤ δvol(p, q) ≤ (d− 1)τ(
√
p−√

q)2, p, q ≥ 0, d ≥ 2,

where the lower bound follows by comparing the weighted power means of orders 1/d and 1/2.
For the upper bound, use the tangent inequality for td at the endpoint with the larger weight,
together with

xd − yd − dyd−1(x− y) ≤ (d− 1)(xd/2 − yd/2)2, x, y ≥ 0.

The latter inequality is the weighted arithmetic–geometric mean inequality after expansion.
Similarly, using the results of Barchiesi–Julin [BJ17], we will use the following reformulation
of the Brunn-Minkowski stability principle that also measures volume fluctuations between
the sets being compared.

Theorem 4.4 (Brunn–Minkowski stability with one convex summand). Let E ⊂ Rd be mea-
surable with positive finite volume and let F ⊂ Rd be a convex body, where d ≥ 2. Then

(4.11) inf
v∈Rd

|E △ (F − v)|2 ≤
Bone
d

τ
(|E|+ |F |)[δBM(E,F ) + δvol(E,F )],

where Bone
d depends only on d, and one may choose

Bone
d ≤ eCd

for an absolute C.

Proof. For equal-volume inputs, the concentration constant in [BJ17, Theorem 2 and Re-
mark 2] is bounded below by c9−d. Its conversion to a weighted Minkowski sum introduces
the factor τ(1−τ)d−1 ≥ 21−dτ , as in the proof of Corollary 4.3. Thus the equal-volume version
of (4.11) has a constant at most eCd.

Write p = |E|, q = |F |. If p/q /∈ [1/2, 2], the lower bound in (4.10) gives δvol(E,F ) ≥ cτ(p+

q), and the conclusion is immediate. Otherwise normalize E,F by the factors p−1/d, q−1/d.
The interpolation parameter becomes

t =
λp1/d

λp1/d + (1− λ)q1/d
, min{t, 1− t} ≥ cτ.
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The relative deficit is unchanged. Rescaling the equal-volume estimate gives comparison with
a translate of ρF , where ρ = (p/q)1/d. After placing the origin in F , the dilates F, ρF are
nested and their symmetric difference has volume |p− q|. Finally,

|p− q|2 ≤ 2(p+ q)(
√
p−√

q)2 ≤ 4

τ
(p+ q)δvol(p, q),

which absorbs this volume correction without changing the exponential order of the dimen-
sional constant. □

We can now give the geometric interpretation of the smoother kernel from (4.1). Introduce
two auxiliary coordinates u ∈ R2 and the convex height window

Kr
def.
=
{︁
(q, u) ∈ R× R2 : |u| < 1, |q − r|+ |u| < 2

}︁
.

For every r ∈ R, the chunks Er, Fr, Hr are defined in Rn+3 by

(4.12)

Er
def.
= {(x, q, u) : x ∈ Aq, (q, u) ∈ Kr},

Fr
def.
= {(x, q, u) : x ∈ Bq, (q, u) ∈ Kr},

Hr
def.
= {(x, q, u) : x ∈ Cq, (q, u) ∈ Kr}.

These definitions were crafted in order to recover the volume interpretation of the kernel
convolution from (3.32).

Lemma 4.5. Concerning the previous construction:

(1) for all r ∈ R it holds that |Er| = π

ˆ
R
ϕ(q − r)2a(q)dq, and similarly for Fr, Hr. In

particular, this gives

(4.13) Me−r|Er| = µ ⋆ κ(r), Me−r|Fr| = ν ⋆ κ(r), Me−r|Hr| = µh ⋆ κ(r),

(2) Since g is log-concave, i.e. W is convex, Fr is convex; it has positive volume and is a
convex body whenever r > 1/4.

Proof. To prove item (1), first notice that a simple application of Fubini’s theorem gives

|Er| =
ˆ
R
|Aq|

⃓⃓{︁
u ∈ R2 : (q, u) ∈ Kr

}︁⃓⃓
dq

From the definition of Kr, it follows that⃓⃓{︁
u ∈ R2 : (q, u) ∈ Kr

}︁⃓⃓
= |{|u| < 2− |q − r|} ∩BR2(0, 1)| .

Now, if 2− |q − r| < 1, or equivalently |q − r| > 1, the intersection above is given by the ball
over R2 of radius 2 − |q − r|. Otherwise, the intersection is just BR2(0, 1). As a result, the
volume becomes

⃓⃓{︁
u ∈ R2 : (q, u) ∈ Kr

}︁⃓⃓
=

⎧⎪⎨⎪⎩
π, |q − r| ≤ 1

π(2− |q − r|)2, 1 ≤ |q − r| ≤ 2

0, otherwise.

In other words, the intersection is always a ball of radius ϕ(|q − r|), hence the volume⃓⃓{︁
u ∈ R2 : (q, u) ∈ Kr

}︁⃓⃓
= πϕ(|q − r|)2.

Finally, this gives the desired formula

|Er| = π

ˆ
R
ϕ(q − r)2a(q)dq,

and similarly for Fr, Hr, which can also be written in the form of a convolution giving

µ ⋆ κ(r) =

ˆ
R
κ(r − q)dµ(q) = πMe−r

ˆ
R
ϕ(r − q)2a(q)dq =Me−r|Er|.

The same computation for Fr, Hr yields the conclusion. Item (2) follows from a direct inspec-
tion of the definition, by means of the convexity of W . □
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Recalling that µ(R) = ν(R) = 1 and µh(R) = 1 + δPL, the same relation between integral
volumes of Er, Fr, Hr hold, now with the new kernel

(4.14)
M

ˆ
R
e−r|Er|dr =M

ˆ
R
e−r|Fr|dr = ∥κ∥L1 ,

M

ˆ
R
e−r|Hr|dr = (1 + δPL)∥κ∥L1 ,

which makes explicit the links with the Prékopa-Leindler deficit, while the Prékopa condition
and convexity of Kr imply

(4.15) λEr + (1− λ)Fs ⊂ Hλr+(1−λ)s for all r, s ∈ R.

Thus we can apply the quantitative stability of Brunn-Minkowski inequality from Theorem 4.4
in dimension d = n+ 3, even though Er and Hr need not be convex.

4.2. The two distance estimates. One important insight from the proof developed in Sec-
tion 3 is that the strategy of applying Brunn-Minkowski to level-set chunks and then controlling
the translations requires two types of control. While the L1 estimate controls vertical trans-
lations of level-set chunks, the W2 estimate controls horizontal translations, which is coherent
with how the Wasserstein geometry measures distances. But under the hood of that proof is
that a Hellinger distance is being bounded with W2, which does not hold in general.

Lemma 4.6 below does precisely this step, but using the elementary estimate from 4.1, we
bypass the Wasserstein estimate all together. As already discussed, the price to pay for this
simplification was the lift to Rn+3 above.

Lemma 4.6. For the height distributions in (4.6),

∥µ− ν∥L1(R) =M

ˆ
R
e−q|a(q)− b(q)|dq ≤ C

√︃
nδPL
τ

,(4.16)
ˆ
R

⃓⃓√︁
µ ⋆ κ(r)−

√︁
ν ⋆ κ(r)

⃓⃓2
dr ≤ Cn

δPL
τ
.(4.17)

In addition, with S = λ id+(1− λ)T , we have

(4.18) µh = S♯µ+ ξ, ξ ≥ 0, ξ(R) = δPL.

These conclusions do not require log-concavity of either input.

Proof. For the L1 estimate, it suffices to work in Euclidean heights. Indeed, recalling Ft =
{f > t} and Gt = {g > t}, the change of variables t =Me−q gives

∥µ− ν∥L1(R) =M

ˆ
R
e−q|a(q)− b(q)|dq =

ˆ ∞

0

⃓⃓
|Ft| − |Gt|

⃓⃓
dt.

The comparison in Lemma 3.5 uses the level sets t ↦→ |Ft| and t ↦→ |Gt| are nonincreasing,
which holds for arbitrary measurable inputs. The qualitative proof of Theorem 2.1 givesˆ ∞

0
|Ft|δratio(t)dt ≤ δPL, δratio(t) =

[︂
λT ′(t)(1−λ)/n + (1− λ)T ′(t)−λ/n

]︂n
− 1.

To estimate this remainder, we use the following elementary estimate

(4.19) λe(1−λ)s + (1− λ)e−λs − 1 ≥ τ

4e
min{|s|2, |s|}, s ∈ R.

Applying (4.19) with s = log T ′(t)/n, and using (1 + x)n ≥ 1 + nx for x ≥ 0, gives

(4.20)
ˆ ∞

0
|Ft|min{| log T ′(t)|2, | log T ′(t)|}dt ≤ Cn

δPL
τ
.

Here nmin{|s/n|2, |s/n|} ≥ n−1min{|s|2, |s|} accounts for the factor n.
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The same argument found in Lemma 3.5 gives

∥µ− ν∥L1(R) ≤ 2

(︃ˆ ∞

0
|Ft|min{| log T ′(t)|2, | log T ′(t)|}dt

)︃1/2

≤ C

√︃
nδPL
τ

,

which proves (4.16). The only dependence on λ comes from the scalar estimate (4.20).
It remains to prove the convolution estimate, which is the only new point. The Hellinger

distance is more easily estimated in logarithmic heights. For t =Me−q, identities (3.14) give

log T ′(t) = log T ′(q) + q − T (q), log
T (t)

tT ′(t)
= − log T ′(q).

Writing δratio(q) = δratio(Me−q) and δid(q) = δid(Me−q), estimate (4.19) applied to the two
scalar deficits yields

(4.21)
min

{︁
| log T ′(q) + q − T (q)|2, | log T ′(q) + q − T (q)|

}︁
≤ Cn

τ
δratio(q),

min{| log T ′(q)|2, | log T ′(q)|} ≤ C

τ
δid(q).

Moreover, writing T (q)− q = log T ′(q)− [log T ′(q) + q − T (q)] and using also that min{|a−
b|2, |a − b|} ≤ 4

[︁
min{|a|2, |a|} + min{|b|2, |b|}

]︁
along with the scalar deficit integral estimate

from (3.15), we obtain

(4.22)
ˆ
R
min{|T (q)− q|2, |T (q)− q|}dµ(q) ≤ Cn

δPL
τ
.

Since min{|s|2, 1} ≤ min{|s|2, |s|}, Lemma 4.1 proves (4.17).
Finally, the proof of (4.18) is the same as the proof of (3.24), with S = λ id+(1− λ)T . □

Since at least one of Aq, Bq has zero volume for q ≤ 0, the part omitted by restricting the
layer-cake integral to positive heights satisfies, for every z ∈ Rn,

(4.23)
M

ˆ 0

−∞
e−q|Aq △ (Bq − z)|dq =M

ˆ 0

−∞
e−q|a(q)− b(q)|dq

≤ ∥µ− ν∥L1 ≤ C

√︃
nδPL
τ

.

Both chunks have positive volume for every center r > 1/4 by the choice of M ; no smallness
assumption on δPL/τ is needed.

We now turn these two distance estimates into a bound for the integrated chunk deficits.
This is the counterpart of Lemma 3.6, with the regularity of the kernel replacing the displace-
ment interpolation argument.

Lemma 4.7. For the lifted chunks defined in (4.12), we have

M

ˆ
R
e−rδvol(Er, Fr)dr ≤ Cn2δPL,(4.24)

M

ˆ ∞

1/2
e−rδBM(Er, Fr)dr ≤ Cn2δPL.(4.25)

Proof. For the scalar volume deficit, use (4.10) in dimension d = n + 3 and the convolution
identities from Lemma 4.5 to obtain

M

ˆ
R
e−rδvol(Er, Fr)dr ≤ (n+ 2)τ

ˆ
R

⃓⃓√︁
µ ⋆ κ(r)−

√︁
ν ⋆ κ(r)

⃓⃓2
dr ≤ Cn2δPL.

In particular, the factor τ from the scalar deficit cancels the factor τ−1 in (4.17).
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For the Brunn–Minkowski deficit, keep the cutoff β used in Lemma 3.6: it takes values in
[0, 1], vanishes on (−∞, 1/4], equals one on [1/2,∞), and has bounded first two derivatives.
The corresponding test function is now

Ψ(q)
def.
=

ˆ
R
β(q + s)κ(s)ds.

Fubini and (4.18) give the same signed balance, with its full dependence on λ:

(4.26)
M

ˆ
R
β(r)e−r[|Hr| − λ|Er| − (1− λ)|Fr|]dr

=

ˆ
R
Ψdξ +

ˆ
R
[Ψ(S(q))− λΨ(q)− (1− λ)Ψ(T (q))]dµ(q).

For |q−s| ≤ 1, the second-order interpolation remainder is bounded by 1
2∥Ψ

′′∥∞λ(1−λ)|q−s|2.
For |q − s| > 1, the weighted triangle inequality and the Lipschitz bound give 2∥Ψ′∥∞λ(1 −
λ)|q − s|. Thus, in both cases,

|Ψ(λq + (1− λ)s)− λΨ(q)− (1− λ)Ψ(s)|
≤ Cτ min{|q − s|2, |q − s|}.

Together with ξ(R) = δPL and (4.22), this bounds the right-hand side of (4.26) by CnδPL. On
the support of β, the chunks have positive volume, so (4.15) yields

0 ≤ δBM(Er, Fr) ≤ |Hr| − λ|Er| − (1− λ)|Fr|+ δvol(Er, Fr).

Integration with Mβ(r)e−r and the scalar deficit estimate just proved give (4.25). □

4.3. Proof of Theorem 1.1 with one log-concave input. We can now follow the final
argument of Section 3.5. Theorem 4.4, Cauchy–Schwarz, the mass identities in (4.14), and
Lemma 4.7 give

(4.27) M

ˆ ∞

1/2
e−r inf

v∈Rn+3
|Er △ (Fr − v)|dr ≤ Cn

√︂
Bone
n+3

√︃
δPL
τ
.

The only change at this stage is that the translations have three components outside the am-
bient space of the original functions: the height component and the two auxiliary coordinates
of the lift.

To remove all three at once, write v = (z, w) ∈ Rn × R3 and consider the marginals of the
chunks in y = (q, u):

mE(y) = a(q)1Kr(y), mF (y) = b(q)1Kr(y), χ(r)
def.
= π

ˆ
R
ϕ(q − r)2|a(q)− b(q)|dq.

The spatial sections of Fr and Fr − (0, w) at any fixed y are two sublevel sets of W , or one of
them is empty. They are therefore nested, and Fubini gives

|Fr △ (Fr − (0, w))| = ∥mF −mF (·+ w)∥1.

Taking marginals decreases the L1 distance, so

∥mE −mF (·+ w)∥1 ≤ |Er △ (Fr − (z, w))|, ∥mE −mF ∥1 = χ(r).

Two applications of the triangle inequality consequently yield

(4.28) |Er △ (Fr − (z, 0))| ≤ 2|Er △ (Fr − (z, w))|+ χ(r).

This is the same marginal argument as in Section 3.5, now with three coordinates outside Rn.
It only uses the nesting of the level sets. Moreover, Fubini gives

M

ˆ
R
e−rχ(r)dr = ∥κ∥L1∥µ− ν∥L1 ≤ C

√︃
nδPL
τ

.
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On the smaller window |q− r| < 1, we have ϕ(q− r) = 1. Hence we can return to the same
unweighted local error as before,

E(r) def.
= inf

z∈Rn

ˆ r+1

r−1
|Aq △ (Bq − z)|dq,

since
|Er △ (Fr − (z, 0))| = π

ˆ
R
ϕ(q − r)2|Aq △ (Bq − z)|dq ≥ πE(r).

Combining (4.27) and (4.28) therefore gives

(4.29) M

ˆ ∞

1/2
e−rE(r)dr ≤ Cn

(︁
1 +

√︂
Bone
n+3

)︁√︃δPL
τ
.

It remains to join the horizontal translations. Choose rk ∈ [k+1/2, k+3/4] and minimizing
translations zk as in (3.44). Such minimizers exist because the overlap of the two finite-
volume unweighted chunks is continuous in the horizontal translation and tends to zero at
infinity. Notice that [k, k + 1] ⊂ (rk − 1, rk + 1), while two consecutive windows both contain
[k + 1, k + 3/2]. The overlap argument supplies ρk ∈ [k + 1, k + 3/2] such that

|Bρk △ (Bρk + zk+1 − zk)| ≤ 2[E(rk) + E(rk+1)].

Neither this selection nor the triangle inequality uses convexity of Aq. The propagation ar-
gument uses only the convexity and growth of Bq, which remain available in (4.7). More
precisely, the chord formula stated in Section 4.4 below, applied to the inclusions in (4.7),
gives, for 0 < r ≤ s,

|Br △ (Br + v)| ≤ |Bs △ (Bs + v)| ≤ (s/r)n|Br △ (Br + v)|.
We retain the countably many chunks, but anchor their translations at zn. This avoids prop-
agating every error from a height of order one to heights of order n. For the increments with
j < n, only heights q ≤ j + 1 ≤ ρj occur in the comparison with zn, so monotonicity gives a
total contribution bounded by

2
n−1∑︂
j=0

[E(rj) + E(rj+1)] ≤ 4en
∑︂
k≥0

e−kE(rk).

For j ≥ n, the increments occur only at q ≥ j + 1, andˆ ∞

j+1
e−q

(︃
q

j + 1

)︃n
dq ≤ e−j−1

ˆ ∞

0
e−t+nt/(j+1)dt

= e−j−1 j + 1

j + 1− n
≤ (n+ 1)e−j−1.

Summing these bounds and using (3.44), exactly as in the proof of (3.49), gives

M

ˆ ∞

0
e−q|Aq △ (Bq − zn)|dq ≤ CenM

ˆ ∞

1/2
e−rE(r)dr.

Finally, the negative heights are bounded by (4.23). Combining this with (4.29), we conclude
that

(4.30)
∥f − g(·+ zn)∥L1(Rn) ≤ Cenn

(︁
1 +

√︂
Bone
n+3

)︁√︃δPL
τ

≤ eCn
√︃
δPL
τ
.

The zero-deficit case follows from the qualitative equality statement. This proves the desired
estimate with one log-concave input and with the optimal order of dependence on λ. In the
squared-distance formulation, the dimensional constant obtained here is at most eCn as well;
the absolute constant in the exponent may change.
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4.4. Epilogue: The result for general functions. Once again, the careful reader will
have identified that many of the important aspects of the proof carried out in this section are
completely independent of either function f, g being log-concave. Actually, the determining
factor is which quantitative Brunn-Minkowski technology is used. In the first proof with two
log-concave functions we can use for instance the original elementary argument from [FMP09].
For a single log-concave input, while keeping both the sharp exponent and the optimal depen-
dence on the parameter λ, the contribution of Barchiesi and Julin [BJ17] gives the necessary
tool to conclude.

At the price of at least one of the sets being convex, both of these quantitative Brunn-
Minkowski technologies are unconditional on the smallness of the Brunn-Minkowski deficit.
This is precisely the price that must be paid to use the Brunn–Minkowski theory for two
measurable sets, due to Figalli–van Hintum–Tiba [FvHT23]. For instance, their Theorem 1.5
gives, when |E| = |F | > 0,

(4.31) inf
v∈Rd

|E △ (F − v)|2 ≤ Cd
τ
|E|δBM(E,F ),

δBM(E,F )

|E|
< ϵd,τ ,

where the smallness threshold ϵd,τ depends on the interpolation parameter.
Combining the Brunn-Minkowski theory from [FvHT23] and the quantitative height trans-

port argument using level set chunks lifted to Rn+3 described in this section, we recover
the sharp square-root estimate between arbitrary integrable inputs at every fixed λ ∈ (0, 1)
from [FvHT25a, Theorem 1.16, p = 0]2, i.e.

inf
z∈Rn

∥f − g(·+ z)∥1 ≤ Cn,λ
√︁
δPL(λ).

This claim requires more than the replacement of Theorem 4.4 by (4.31): Sections 4.1–4.3
also use log-concavity in choosing the reference height, applying stability to the convex chunk
Fr, and propagating overlap estimates through (4.7). Here we choose the reference height
by mass and retain the longer windows needed to propagate translations through convex
hulls. The additional input is Theorem 4.8, the convex-hull form of Brunn–Minkowski stability
from [FvHT23].

As usual, it suffices to treat
0 < δPL ≤ c0,

where c0 ∈ (0, 1] depends only on n and λ and is fixed in Lemma 4.9.
The scalar estimate in the proof of Lemma 4.6 allows the profile coefficient Pn = 4

√
en. We

shall use repeatedly that

∥µ− ν∥L1(R) ≤ Pn

√︃
δPL
τ

holds for arbitrary functions (see Lemma 4.6), and that it does not depend on the reference
height M used to define µ and ν, as

∥µ− ν∥L1(R) =

ˆ ∞

0

⃓⃓
|Ft| − |Gt|

⃓⃓
dt.

We shall rely on the following form of the Brunn–Minkowski stability for measurable sets.

Theorem 4.8 ([FvHT23, Theorem 1.3 and Remark 1.8]). For every d ∈ N and t ∈ (0, 1/2]
there are constants Hd ≥ 1, depending only on d, and ϵd,t > 0, depending only on d and t and
nondecreasing in t ∈ (0, 1/2], such that the following holds. Let A,B ⊂ Rd be measurable sets
with |A| = |B| ∈ (0,∞), and define γ ≥ 0 by

|tA+ (1− t)B| = (1 + γ) |A|.

2We use the theorem numbering of the second arXiv version (6 October 2026). Corollary 1.7 there additionally
supplies a common log-concave approximant; the assertion proved here concerns the distance between the two
inputs.
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If γ < ϵd,t, then there are x ∈ Rd and a convex set L ⊇ A ∪ (B + x) such that

|L \A|+ |L \ (B + x)| ≤ Hd t
−1/2γ1/2 |A|.

To record the dependence inherited from this theorem, put

(4.32) ϵ∗
def.
= min{1, ϵd,τ/2}, Bd,τ

def.
= 1 +

H2
d

τ
+ ϵ−1

∗ .

The constants denoted by C below are numerical; dependence on the dimension and on the
Brunn–Minkowski input will be displayed explicitly.

For general inputs, the minimum of their essential suprema can be infinite. We choose the
reference height by mass instead, so that the lowest chunks are nonempty and the contribution
of negative heights is controlled.

Lemma 4.9. Set c0 = τ/(16P 2
n). There is M > 0 with the following property. Define V,W,U

by
f =Me−V , g =Me−W , h =Me−U ,

and the sets Aq, Bq, Cq, the profiles a, b and the measures µ, ν by the formulas of Section 4.1,
the choice of M as the minimum of the two essential suprema being replaced by the present
mass normalization. Then

ν
(︁
(−∞, 0]

)︁
= 2Pn

√︃
δPL
τ
, a(0) > 0, b(0) > 0,

and, for every z ∈ Rn,

(4.33) M

ˆ 0

−∞
e−q

⃓⃓
Aq △ (Bq − z)

⃓⃓
dq ≤ 5Pn

√︃
δPL
τ
.

Proof. Choose M so that the part of g above M has twice the mass allowed by the profile
estimate: ˆ ∞

M
|Gs| ds = 2Pn

√︃
δPL
τ
.

The change of variables s =Me−q sends the heights q ≤ 0 to the levels s ≥M , so this plainly
corresponds to the identity for ν((−∞, 0]). Since this mass is positive and b is nondecreasing,
b(0) > 0. If f vanished above M , that is, if a(0) = 0, the profiles would differ by at least this
mass,

∥µ− ν∥L1 ≥ ν
(︁
(−∞, 0]

)︁
= 2Pn

√︃
δPL
τ

> Pn

√︃
δPL
τ
,

which contradicts the profile estimate, as δPL > 0. Finally, the levels above M cost at most
the mass of both functions there, since |Aq △ (Bq − z)| ≤ a(q) + b(q):

M

ˆ 0

−∞
e−q

⃓⃓
Aq △ (Bq − z)

⃓⃓
dq ≤ µ

(︁
(−∞, 0]

)︁
+ ν
(︁
(−∞, 0]

)︁
≤ 2 ν

(︁
(−∞, 0]

)︁
+ ∥µ− ν∥L1 .

Using the bound on ν((−∞, 0]) and Lemma 4.6, the right-hand side is at most 5Pn
√︁
δPL/τ ,

finishing the proof. □

From now on, we fix M to be the reference height of Lemma 4.9. The Prékopa condition
still gives λAq + (1− λ)Bs ⊆ Cλq+(1−λ)s for all q, s ∈ R, and Lemma 4.6 holds for this M , as
its proof uses the reference height only through the change of variables t =Me−q.

Moving on, we keep the chunks of (4.12), on longer windows. Fix ℓ def.
= 4n+1, the half-length

of the part of the window on which the kernel is flat, and redefine

Kr
def.
=
{︂
(q, u) ∈ R× R2 : |u| < 1, |q − r|+ |u| < ℓ+ 1

}︂
,

κ(s)
def.
= πe−smin

{︁
1, (ℓ+ 1− |s|)+

}︁2
.
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For ℓ = 1 these match the previous definitions of window Kr and kernel κ used so far. The
chunks are

Er
def.
=
{︂
(x, q, u) ∈ Rn × R× R2 : x ∈ Aq, (q, u) ∈ Kr

}︂
,

and Fr, Hr are defined in the same way with Bq and Cq. The computation of Lemma 4.5 gives

Me−r|Er| = µ ⋆ κ(r), Me−r|Fr| = ν ⋆ κ(r), Me−r|Hr| = µh ⋆ κ(r),

so the mass identities (4.14) hold with the adjusted value of ∥κ∥L1 for the current longer
window kernel. As the windows are convex, λEr+(1−λ)Fs ⊆ Hλr+(1−λ)s for all r, s ∈ R, and
Lemma 4.1 holds for κ, whose square root is Lipschitz with compact support.

The cost of these longer windows is explicit:

∥κ∥1 + ∥(
√
κ)′∥22 ≤ Ceℓ+1.

Together with the scalar bounds in Lemma 4.6, this accounts for the dimensional constants in
the following integrated estimates.

For measurable sets E,F,H ⊂ Rd of finite positive volume, the Brunn–Minkowski stability
will be applied to the deficit of the triple

δ(E,F ;H)
def.
=
[︂
|H| −

(︁
λ|E|1/d + (1− λ)|F |1/d

)︁d]︂
+ δvol(E,F ),

which is at least δBM(E,F ) + δvol(E,F ) when λE + (1 − λ)F ⊆ H. The reason why we use
H rather than the Minkowski combination itself is mainly because |Hr| depends continuously
on r. For the chunks, their deficit centred at r is defined as

δch(r)
def.
= δ

(︁
Er, Fr;Hr

)︁
=
[︂
|Hr| − λ|Er| − (1− λ)|Fr|

]︂
+ 2 δvol(Er, Fr), d = n+ 3.

The proof of Lemma 4.7 applies then in this context as well, and it thus yields bounds to
integrals of both terms against Mβ(r)e−r dr, where β is the cutoff used there. Since δch(r) ≥ 0
for r ≥ 1/4, by the Brunn–Minkowski inequality, while β vanishes on (−∞, 1/4] and equals
one on [1/2,∞), this gives

(4.34) M

ˆ ∞

1/2
e−r δch(r) dr ≤ C(n+ 3)3eℓ+1δPL.

Indeed, the scalar volume bound can be taken with upper coefficient d2τ/2, and the trun-
cated transport cost with coefficient 16e(n+1)/τ . The factor τ cancels, while the kernel norms
and the first two derivatives of the test function in (4.26) are bounded by Ceℓ+1.

As in the previous sections, in order to use the stability of Brunn–Minkowski from Theo-
rem 4.8 we must first turn it into an assertion about sets of unequal volume, as its original
formulation only compares sets of equal volume. For convex bodies, the proof of Theorem 3.3
rescales one body to the volume of the other, and after a translation the rescaled body is
nested with the original. On the other hand, a rescaled measurable set need not be close to
the original set.

In order to circumvent this issue, we normalize both sets to have unit volume. By ho-
mogeneity of the Minkowski combination, for measurable sets E,F ⊂ Rd of finite positive
volume,

(4.35) λE + (1− λ)F =
(︁
λ|E|1/d + (1− λ)|F |1/d

)︁(︂
t |E|−1/dE + (1− t) |F |−1/dF

)︂
,

where the new interpolation parameter is

t
def.
=

λ|E|1/d

λ|E|1/d + (1− λ)|F |1/d
.

Normalizing changes the interpolation parameter from λ to t, but leaves the relative Brunn–
Minkowski deficit unchanged. The rescaling back is then applied to the common convex set
given by Theorem 4.8, whose dilates are nested. One is then able to obtain the following
different volume version of the Brunn–Minkowski stability from that idea:
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Lemma 4.10. Let d ≥ 2, and let E,F,H ⊂ Rd be measurable sets of finite positive volume
with λE + (1− λ)F ⊆ H. Then δ(E,F ;H) ≥ 0. With

c = min

{︃
τ

100
,
ϵ∗
4
,

τ

64H2
d

}︃
, c−1 ≤ 100Bd,τ ,

the following hold for a numerical constant C.
(i) For every such triple,

inf
x∈Rd

⃓⃓
E △ (F + x)

⃓⃓2 ≤ CBd,τ

(︁
|E|+ |F |

)︁
δ(E,F ;H).

(ii) If δ(E,F ;H) ≤ c |E|, then the convex hull co(F ) has finite volume and

| co(F ) \ F | ≤ C
√︁

Bd,τ

√︁
δ(E,F ;H) |E| .

(iii) If δ(E,F ;H) > c |E|, then

|E|+ |F | ≤ CBd,τδ(E,F ;H).

Proof. The bracket in δ(E,F ;H) is nonnegative by the Brunn–Minkowski inequality, and by
Lemma 3.2 we have

δvol(p, q) ≥ τ

2

(︁√
p−√

q
)︁2
, p, q ≥ 0.

If one volume is at least twice the other, this gives δ(E,F ;H) ≥ δvol(E,F ) ≥ τ
48(|E| + |F |),

hence (iii), and (i) follows from infx |E△ (F +x)| ≤ |E|+ |F |. Otherwise min{t, 1− t} ≥ τ/2,
and by (4.35) the normalized sets |E|−1/dE and |F |−1/dF have, at the parameter t, the equal-
volume deficit

γ =
|λE + (1− λ)F |(︁

λ|E|1/d + (1− λ)|F |1/d
)︁d − 1 ≤ 2 δ(E,F ;H)

|E|
.

If δ(E,F ;H) ≤ c|E|, our choice of c makes the volumes comparable and gives γ ≤ 2c < ϵ∗.
Moreover, the convex-hull error supplied by Theorem 4.8 is at most 2Hd

√︁
c/τ ≤ 1/4, so its

convex set L has |L| ≤ 2. Rescaling,⃓⃓
|E|1/dL \ E

⃓⃓
+
⃓⃓
|F |1/dL \

(︁
F + |F |1/dx

)︁⃓⃓
≤ 4Hd√

τ

√︁
δ(E,F ;H) |E| .

Then (ii) holds because co(F ) ⊆ |F |1/dL− |F |1/dx, and (i) holds because the dilates |E|1/dL
and |F |1/dL are nested after a translation and differ in volume by

⃓⃓
|E| − |F |

⃓⃓
|L|, where⃓⃓

|E| − |F |
⃓⃓2 ≤ 4

τ

(︁
|E|+ |F |

)︁
δvol(E,F ).

If δ(E,F ;H) > c|E| and the volumes are comparable, then |E| + |F | < 3|E| < 3
c δ(E,F ;H),

which is (iii) and again gives (i). □

From now on write B = Bn+3,τ . We repeat the first part of Section 4.3 with longer windows.
Lemma 4.10(i), applied to Er, Fr, Hr with d = n + 3, the Cauchy–Schwarz inequality, the
mass identities and (4.34) give

M

ˆ ∞

1/2
e−r inf

w∈Rn+3

⃓⃓
Er △ (Fr − w)

⃓⃓
dr ≤ CeCn

√
B
√︁
δPL.

The pinning argument leading to (4.28) applies verbatim to the longer windows, with a profile
term that integrates against Me−r dr to ∥κ∥L1∥µ− ν∥L1 . As the kernel is flat on [−ℓ, ℓ], the
local error on the flat part of the window,

E(r) def.
= inf

z∈Rn

ˆ r+ℓ

r−ℓ

⃓⃓
Aq △ (Bq − z)

⃓⃓
dq,

which is upper semicontinuous and hence measurable, therefore satisfies

(4.36) M

ˆ ∞

1/2
e−r E(r) dr ≤ CeCn

√
B
√︁
δPL.
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Finally, one needs to put the horizontal translations together, as previously done in other
parts of the proof. In Section 4.3 the overlap estimate is propagated to all heights by the
inclusions (4.7). For general g we use instead the convex hulls provided by Lemma 4.10(ii),
which allow us to perform essentially the same mechanism: inside one chunk, the sections of a
convex set grow at most like dilates, and the long windows make the resulting losses summable
against the weights e−q. For a set S ⊆ Rn × R× R2 and (q, u) ∈ R× R2 we write

S(q,u)
def.
=
{︁
x ∈ Rn : (x, q, u) ∈ S

}︁
for its section. For instance, the section of Fr at (q, u) ∈ Kr is Bq. We shall need the following
elementary bounds: let z ∈ Rn.

(i) If S ⊆ L ⊆ Rn are measurable and |L| <∞, then

|S △ (S + z)| ≤ |L△ (L+ z)|+ 2|L \ S|,
|L△ (L+ z)| ≤ |S △ (S + z)|+ 2|L \ S|.

(ii) Let L ⊂ Rn×R×R2 be a bounded convex set. If u ∈ R2, q0 < q1 ≤ q2 and L(q0,u) ̸= ∅,
then ⃓⃓

L(q2,u) △ (L(q2,u) + z)
⃓⃓
≤
(︂q2 − q0
q1 − q0

)︂n ⃓⃓
L(q1,u) △ (L(q1,u) + z)

⃓⃓
.

Indeed, item (i) follows from elementary inclusions, while convexity of L, applied to a point
x0 ∈ L(q0,u) and to the points of L(q2,u), gives

L(q2,u) ⊆ x0 +
q2 − q0
q1 − q0

(︁
L(q1,u) − x0

)︁
.

For a bounded convex set P ⊂ Rn and z ̸= 0, the chord formula

|P △ (P + z)| = 2

ˆ
z⊥

min
{︂
|z|, H1

(︁
P ∩ (y + Rz)

)︁}︂
dy

is nondecreasing under inclusion, invariant under translations, and gives |ΛP △ (ΛP + z)| ≤
Λn|P △ (P + z)| for Λ ≥ 1. Together with the inclusion above, this proves (ii).

Our next task is to use these two estimates in order to adapt our machinery to the general
case. We now claim that there is z0 ∈ Rn such that

M

ˆ ∞

0
e−q

⃓⃓
Aq △ (Bq − z0)

⃓⃓
dq ≤ CeCnB

√︁
δPL.

In order to join the horizontal translations, we need to account for the error that is obtained
when one passes from the chunks to their convex hulls. To that extent, call a center r ≥ 1/2
good if δch(r) ≤ c |Er|, with c the constant of Lemma 4.10 for d = n + 3, and bad otherwise.
By that lemma,

(4.37)
| co(Fr) \ Fr| ≤ C

√
B
√︁
δch(r) |Er| if r is good,

|Fr| ≤ CB δch(r) if r is bad,

Put
D(r)

def.
=

√
B
√︁
δch(r)|Er|+Bδch(r).

By Cauchy–Schwarz, the mass identities and (4.34),

M

ˆ ∞

1/2
e−rD(r)dr ≤ CeCn

(︁√
B
√︁
δPL +BδPL

)︁
≤ CeCnB

√︁
δPL.

For each integer k ≥ 0, choose a center rk ∈ [k+1/2, k+3/4] at which the sum E +D does
not exceed its average over this interval, and a translation zk attaining the infimum in E(rk).
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As e−k ≤ e3/4e−r for r ≤ k+3/4 and these intervals are disjoint, (4.36) and the previous step
give

(4.38) M
∑︂
k≥0

e−k
[︂
E(rk) +D(rk)

]︂
≤ CeCnB

√︁
δPL.

The flat part of the k-th window contains [k + 3/4 − ℓ, k + 1/2 + ℓ]. Hence [0, ℓ] lies in the
window of r0, each [m,m+1] with m ≥ 1 lies in the windows of rm−1 and rm, and [m−1,m+1]
lies in the window of rm−ℓ+1 when m ≥ ℓ.

Let now m ≥ ℓ, and let r = rm−ℓ+1, whose window is flat on [m− 1,m+1]. We claim that,
for every z ∈ Rn,

(4.39)

ˆ m+1

m

⃓⃓
Bq △ (Bq + z)

⃓⃓
dq ≤ e1/2

ˆ m

m−1

⃓⃓
Bq △ (Bq + z)

⃓⃓
dq

+ CD(r).

Indeed, we divide into two cases: first, if r is bad, its chunk is small, and so:ˆ m+1

m

⃓⃓
Bq △ (Bq + z)

⃓⃓
dq ≤ 2

ˆ m+1

m
b(q) dq ≤ 2

π
|Fr| ≤ CBδch(r) ≤ CD(r).

If r is good, co(Fr) is a bounded convex subset of Rn×Kr whose sections at (q, u), for |u| ≤ 1/2
and |q − r| ≤ ℓ, contain Bq. At q0 = max{r − ℓ, 0}, these sections are nonempty for every
such u: choose x0 ∈ B0, and observe that (x0, q0, u) ∈ Fr since q0 ≥ 0 and |q0 − r| ≤ ℓ. For
q1 ∈ [m − 1,m] and q2 ∈ [m,m + 1] we have q1 − q0 ≥ ℓ − 1 = 4n and q2 − q1 ≤ 2, so the
growth factor in the bound (ii) above is at most

(4.40)
(︂q2 − q0
q1 − q0

)︂n
≤
(︂
1 +

1

2n

)︂n
≤ e1/2.

Note that it is at exactly this point that we needed to adapt the definition of Kr, κ. Using the
elementary bounds (i) and (ii) above integrated in q1 ∈ [m − 1,m] and q2 ∈ [m,m + 1] and
averaged over |u| ≤ 1/2, gives (4.39): by Fubini’s theorem the averaged section errors are at
most C | co(Fr) \ Fr|, which (4.37) bounds.

Finally, as [m,m+ 1] lies in the windows of rm−1 and rm for m ≥ 1, this givesˆ m+1

m

⃓⃓
Bq △ (Bq + zm − zm−1)

⃓⃓
dq ≤ E(rm−1) + E(rm) (m ≥ 1),

and, as [ℓ− 1, ℓ] also lies in the window of r0,ˆ ℓ

ℓ−1

⃓⃓
Bq △ (Bq + zℓ−1 − z0)

⃓⃓
dq ≤ E(rℓ−1) + E(r0).

Now let m ≥ ℓ. The integral
´m+1
m |Bq△(Bq+zm−z0)| dq is the cost, at the heights [m,m+1],

of replacing the translation zm by z0. It then follows by the triangle inequality and (4.39) with
z = zm−1 − z0, that

(4.41)

ˆ m+1

m

⃓⃓
Bq △ (Bq + zm − z0)

⃓⃓
dq ≤ e1/2

ˆ m

m−1

⃓⃓
Bq △ (Bq + zm−1 − z0)

⃓⃓
dq

+ CD(rm−ℓ+1)

+ E(rm−1) + E(rm).
This implies at once that∑︂

m≥ℓ
e−m
ˆ m+1

m

⃓⃓
Bq △ (Bq + zm − z0)

⃓⃓
dq ≤ e−1/2

∑︂
m≥ℓ−1

e−m
ˆ m+1

m

⃓⃓
Bq △ (Bq + zm − z0)

⃓⃓
dq

+ C
∑︂
k≥0

e−k
[︂
E(rk) +D(rk)

]︂
.
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The sum on the right is the sum on the left plus one term with m = ℓ− 1. The sum is finite
because |Bq △ (Bq + z)| ≤ 2b(q) and M

´
e−qb(q)dq = 1. Since e−1/2 < 1, it can be absorbed

into the left-hand side. By the previous considerations the term with m = ℓ − 1 is at most
e−(ℓ−1)E(rℓ−1) + E(r0), which is also bounded by the series. Therefore∑︂

m≥ℓ
e−m
ˆ m+1

m

⃓⃓
Bq △ (Bq + zm − z0)

⃓⃓
dq ≤ C

∑︂
k≥0

e−k
[︂
E(rk) +D(rk)

]︂
.

Finally, the triangle inequality and the window inclusions give
´ ℓ
0 |Aq △ (Bq − z0)| dq ≤ E(r0)

and, for m ≥ ℓ,ˆ m+1

m

⃓⃓
Aq △ (Bq − z0)

⃓⃓
dq ≤ E(rm) +

ˆ m+1

m

⃓⃓
Bq △ (Bq + zm − z0)

⃓⃓
dq.

Since e−q ≤ 1 on [0, ℓ] and e−q ≤ e−m on [m,m + 1], multiplying by M and using (4.38)
concludes the proof.

By the modifications above, Cavalieri’s principle, written in the logarithmic scale as in (3.11),
splits the distance into the heights q ≤ 0, bounded by (4.33), and the heights q > 0, bounded
by the claim above:

∥f − g(·+ z0)∥L1 =M

ˆ
R
e−q

⃓⃓
Aq △ (Bq − z0)

⃓⃓
dq ≤ 5Pn

√︃
δPL
τ

+ CeCnB
√︁
δPL.

Since Pn = 4
√
en, ℓ = 4n+ 1 and B ≥ τ−1, this proves the general result with

(4.42) Cn,λ ≤ CeCn
(︃
1 +

H2
n+3

τ
+

1

min{1, ϵn+3,τ/2}

)︃
.

The same bound covers δPL > c0 by ∥f − g(· + z)∥1 ≤ 2. Thus the height-transport and
gluing steps have at most exponential dimensional cost; the remaining dependence is that of
the coefficient and smallness threshold in Theorem 4.8.

5. Application to the log-Sobolev and Talagrand inequalities

In this section, once armed with the Prékopa-Leindler technology crafted so far, we fully
develop the application of our theory to the potential-independent, sharp L1-stability of the
log-Sobolev and Talagrand inequalities developed in [KP26]. As in the introduction, we em-
phasize the importance of the sharp exponent 1/2 and the optimal dependence of the stability
constant on λ, with a single log-concave input.

5.1. The log-Sobolev inequality: distributions and wave functions. Let

dµV = e−V dx,

ˆ
Rn

e−V dx = 1, V ∈ C 2(Rn), ∇2V ≥ κIn, κ > 0.

For z ∈ Rn, write τz(x) = x + z and denote the translated reference probability by µV,z =
(τz)♯µV . The family of normalized translation profiles selected by the stability theorem is

(5.1) TV
def.
=

{︃
dµV,z
dµV

= eV−V (·−z) : z ∈ Rn
}︃
.

Kristály and Pîrvuceanu [KP26, Theorems 1.1 and 1.3(ii)] also identify the exact normalized
optimizer set for both the distributional log-Sobolev inequality and Talagrand’s inequality. In
our notation these are

OV,κ
def.
=
{︂
eV−V (·−z) : z ∈ KV,κ

}︂
, KV,κ

def.
=

⋂︂
x∈Rn

Ker
(︁
∇2V (x)− κIn

)︁
.

Thus OV,κ ⊆ TV . For the standard Gaussian, we use γn both for the probability measure and
its Lebesgue density

γn(x) = (2π)−n/2e−|x|2/2 and Oγn
def.
=
{︂
ez·x−|z|2/2 : z ∈ Rn

}︂
.
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We first formulate log-Sobolev entirely in terms of distributions. If ϱ≪ µV is a probability
measure, define its relative entropy and Fisher information by

(5.2) H(ϱ | µV ) =
ˆ

log

(︃
dϱ

dµV

)︃
dϱ, I(ϱ | µV ) =

ˆ ⃓⃓⃓⃓
∇ log

(︃
dϱ

dµV

)︃⃓⃓⃓⃓2
dϱ.

The Bakry–Émery log-Sobolev inequality and its deficit read as follows:

(5.3) H(ϱ | µV ) ≤
1

2κ
I(ϱ | µV ), δLSI(ϱ | µV )

def.
=

1

2κ
I(ϱ | µV )−H(ϱ | µV ).

The same inequality has also a traditional functional formulation: every nonnegative f ∈
W 1,2(µV ), normalized by

´
f2dµV = 1, determines the probability distribution

(5.4) dϱ = f2dµV , f =

√︄
dϱ

dµV
.

In this representation, I(ϱ | µV ) = 4
´
|∇f |2dµV , and therefore

(5.5) δLSI(ϱ | µV ) =
2

κ

ˆ
|∇f |2dµV −H(ϱ | µV ).

Borrowing the terminology of quantum mechanics, one may regard f as a real nonnegative
wave function and f2µV as its probability distribution. This wave-function formulation is the
one studied in [DEF+25] for the standard Gaussian measure, whereas the stability version
formulated directly in terms of probability densities can be derived for a much wider class
of reference log-concave measures under the same universal stability constant, as observed
by [KP26].

Proposition 5.1. Let ϱ≪ µV be a probability measure with finite Fisher information. Then

(5.6) distL1(µV )

(︃
dϱ

dµV
, TV

)︃
≤ CnδLSI(ϱ | µV )1/2.

The constant is independent of both V and κ, and the exponent 1/2 is optimal.

Proof. This is the argument of Kristály and Pîrvuceanu [KP26, Section 3.1], with the sharp
Prékopa–Leindler estimate described above substituted for the non-sharp Prékopa–Leindler
estimate. The reader is strongly encouraged to read their work, but we sill recall the short
linearization computation for completeness.

Assume first that g = log(dϱ/dµV ) is smooth and bounded, and consider the following
triplet of functions satisfying the Prékopa condition:

(5.7) uλ = eg/(1−λ)−V , v = e−V , wλ = egλ−V ,

where wλ is their Asplund sum. Strong convexity of V gives

gλ ≤ g +
λ

2κ(1− λ)
|∇g|2.

Since
´
vdx = 1, the relative Prékopa–Leindler deficit of this triple is

(5.8) 0 ≤ δPL(λ)
def.
=

ˆ
wλdx−

(︃ˆ
uλdx

)︃1−λ

(︃ˆ
uλdx

)︃1−λ

Its first variation at λ = 0 satisfies

(5.9) lim sup
λ↓0

δPL(λ)

λ
≤ 1

2κ

ˆ
|∇g|2egdµV −

ˆ
gegdµV = δLSI(ϱ | µV ).

Writing τλ = min{λ, 1− λ}, the sharp Prékopa–Leindler estimate controls the input distance
by Cn

√︁
δPL(λ)/τλ. The normalized inputs converge in L1 to the densities of ϱ and µV , and
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λ/τλ → 1. Passing to the limit therefore proves (5.6). The centered Gaussian perturbations
in [KP26, Section 3.3] show that the exponent cannot be larger than 1/2. □

For the standard Gaussian γn, the sharp theorem of Dolbeault–Esteban–Figalli–Frank–
Loss [DEF+25] gives

(5.10) distL2(γn)

(︂
f,
√︁
Oγn

)︂
≤ C

√︁
δLSI(f2γn | γn),

where
√︁

Oγn
def.
=
{︁√

f : f ∈ Oγn

}︁
. For any two probability measures ϱ0, ϱ1 ≪ γn such that√︁

dϱi/dγn ∈ W 1,2(γn), a simple application of the Cauchy-Schwarz inequality allows us to
deduce (5.6) from (5.10) for the standard Gaussian measure. Although their arguments are
only valid for the standard Gaussian, it is clear that a L2 wave-function estimate implies
an L1 distribution estimate. However, it cannot supply a Lp control of the distributions for
p > 1. Indeed, the next Proposition shows that L1 is the largest exponent for which a density
estimate of the form in Proposition 5.1 can hold. Differently from the analogous result for
the Brascamp-Lieb inequality [MR25, Theorem 3.5], we actually observe that the obstruction
is stronger than dependence on the potential, as we show that for a fixed Gaussian reference
measure, the LSI deficit cannot control any Lp distance for p > 1.

Proposition 5.2. For every n ≥ 1, 1 < p <∞, and ϵ > 0,

(5.11) inf
ϱ∈P(Rn)

⎧⎪⎪⎨⎪⎪⎩
δLSI(ϱ | γn)1/2

distLp(γn)

(︃
dϱ

dγn
,Oγn

)︃
⃓⃓⃓⃓
⃓⃓⃓⃓ 0 < δLSI(ϱ | γn) < ϵ,

0 < distLp(γn)

(︃
dϱ

dγn
,Oγn

)︃
<∞

⎫⎪⎪⎬⎪⎪⎭ = 0.

Proof. We work in dimension one since a tensoring argument with γn−1 proves the claim in
every dimension. For 0 < ε < 1, set ϱε

def.
= N (ε−1, 1− ε). Its density with respect to γ1 is

dϱε
dγ1

(x) = (1− ε)−1/2 exp

(︃
−(x− ε−1)2

2(1− ε)
+
x2

2

)︃
.

Direct Gaussian integration gives

(5.12) δLSI(ϱε | γ1) =
1

2

(︁
(1− ε)−1 − 1 + log(1− ε)

)︁
,

which tends to zero as ε ↓ 0.
To estimate the distance to Oγ1 , first notice that multiplication by γ

1/p
1 identifies Lp(γ1)

with Lp(dx), indeed for any Gz
def.
= ezx−z

2/2 ∈ Oγ1 we have that⃦⃦⃦⃦
dϱε
dγ1

−Gz

⃦⃦⃦⃦
Lp(γ1)

=

⃦⃦⃦⃦
dϱε
dγ1

γ
1/p
1 −Gzγ

1/p
1

⃦⃦⃦⃦
Lp(Rn)

.

Completing the square gives

(5.13)
dϱε
dγ1

(x)γ1(x)
1/p = cp,ε exp

(︃
−|x−mε|2

2σ2ε

)︃
,

with the constants

mε =
p

ε[1 + (p− 1)ε]
, σ2ε =

p(1− ε)

1 + (p− 1)ε
, cp,ε = (2π(1− ε)p)−

1
2 exp

(︃
p− 1

2ε2[1 + (p− 1)ε]

)︃
.

On the other hand, every element of Oγ1 satisfies

(5.14) Gz(x)γ1(x)
1/p =

1

(2π)1/(2p)
exp

(︃
p− 1

2
z2
)︃
exp

(︃
−|x− pz|2

2p

)︃
.
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Thus the Gaussian in (5.13) has center mε and variance σ2ε , whereas those in (5.14) have
arbitrary center and fixed variance p. Noticing that p − σ2ε = p2ε

1+(p−1)ε , there is a constant
kp > 0 such that, for 0 < ε ≤ 1/2, we have

(5.15) inf
A≥0, y∈R

⃦⃦⃦⃦
exp

(︃
−|x|2

2σ2ε

)︃
−A exp

(︃
−|x− y|2

2p

)︃⃦⃦⃦⃦
Lp(dx)

≥ kpε.

We now translate the first Gaussian to the origin, factor out its multiplicative constant,
and enlarge the family in (5.14) by allowing its amplitude and center to vary independently.
From (5.15), we obtain

distLp(γ1)

(︃
dϱε
dγ1

,Oγ1

)︃
≥ cp,εkpε ≥ cpεe

cp/ε2 .

This tends to infinity as ε ↓ 0. □

5.2. The Talagrand transport inequality. Let again D2V ≥ κIn, and let ϱ≪ µV belong
to P2(Rn). Talagrand’s inequality states that the relative entropy between ϱ and a reference
strongly log-concave measure µV controls the squared Wasserstein distance between them.
The inequality and its deficit are written as

W 2
2 (ϱ, µV ) ≤

2

κ
H(ϱ | µV ), δTal(ϱ | µV ) = H(ϱ | µV )−

κ

2
W 2

2 (ϱ, µV ).

Kristály and Pîrvuceanu [KP26, Section 4] showed how to derive stability by linearizing the
Prékopa–Leindler inequality.

To make explicit the optimal transport structure behind this linearization, consider the
quadratic cost c(x, y) def.

= κ
2 |x− y|2, and we recall the c-transform defined as

ψc(y)
def.
= inf

x

{︂κ
2
|x− y|2 − ψ(x)

}︂
.

Then, Kantorovich duality states that
κ

2
W 2

2 (ϱ, µV ) = sup
ψ∈Cb(Rn)

{︃ˆ
ψcdϱ+

ˆ
ψdµV

}︃
.

Let ψ be a Kantorovich potential attaining the supremum above. The optimal transport map
T from µV to ϱ is given by

T = id−κ−1∇ψ.
Thus (ψ,ψc) is an optimal pair for the Kantorovich dual problem, and the equality on the
support of the optimal transport plan gives
(5.16)

ψ(x) + ψc(T (x)) =
κ

2
|x− T (x)|2 for µV -a.e. x,

ˆ
ψcdϱ+

ˆ
ψdµV =

κ

2
W 2

2 (ϱ, µV ).

We refer to [San15, Chap. 1] for the Kantorovich duality, the c-transform, and the characteri-
zation of the optimal map for the quadratic cost.

We shall also use the variational formula for the relative entropy

(5.17) H(ϱ | µV ) = sup
ζ∈Cb(Rn)

{︃ˆ
ζdϱ− logZζ

}︃
, where Zζ

def.
=

ˆ
eζdµV ,

with the usual extension to admissible unbounded functions by truncation; see [ABS21].

Proposition 5.3. There exists a dimensional constant Cn > 0 such that every ϱ ≪ µV with
finite entropy and second moment satisfying δTal(ϱ | µV ) < C−2

n obeys

distL1(µV )

(︃
dϱ

dµV
, TV

)︃
≤ CnδTal(ϱ | µV )1/2.

The constant is independent of V and κ, and the exponent 1/2 is optimal.
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Proof. We follow the endpoint computation in [KP26, Section 4.1], referring there for the
transport and integrability details. The major idea is to use optimal to perform perturbations
of the Prékopa–Leindler inequality with the optimal Kantorovich potentials discussed above
and relate them to the relative entropy by means of the variational formula (5.17). With
weights 1− λ, λ, set

uλ = eλψ−V , vλ = e(1−λ)ψ
c−V , w = e−V .

The defining inequality for ψc and the strong convexity of V yield the Prékopa condition.
Since

´
wdx = 1, the relative Prékopa–Leindler deficit is

(5.18) 0 ≤ δPL(λ)
def.
=

ˆ
wdx−

(︃ˆ
uλdx

)︃1−λ(︃ˆ
vλdx

)︃λ
(︃ˆ

uλdx

)︃1−λ(︃ˆ
vλdx

)︃λ ≥ 0.

If τλ = min{λ, 1− λ}, then the first variation computed in [KP26, Section 4.1] gives

(5.19) lim
λ↓0

δPL(λ)

τλ
= BV (ψ), BV (ψ)

def.
= −

ˆ
ψdµV − logZψc .

The variational formula (5.17), tested with ψc − logZψc , gives
ˆ
ψcdϱ− logZψc ≤ H(ϱ | µV ).

Combining this estimate with the Kantorovich duality identity (5.16) yields

(5.20) BV (ψ) ≤ δTal(ϱ | µV ).

The normalized inputs in the Prékopa–Leindler estimate converge, as λ ↓ 0, to the densities
1 and Z−1

ψc eψ
c with respect to µV . Equations (5.19) and (5.20), together with the sharp

dependence on τλ, therefore give

distL1(µV )

(︂
Z−1
ψc e

ψc
, TV

)︂
≤ Cn

√︁
BV (ψ).

Finally, the same duality identity gives the exact entropy remainder
ˆ

log

(︄
dϱ/dµV

Z−1
ψc eψ

c

)︄
dϱ = δTal(ϱ | µV )− BV (ψ).

Pinsker’s and the triangle inequalities now imply

distL1(µV )

(︃
dϱ

dµV
, TV

)︃
≤
⃦⃦⃦⃦

dϱ

dµV
− Z−1

ψc e
ψc

⃦⃦⃦⃦
L1(µV )

+ Cn
√︁
BV (ψ)

≤
√︁
2 (δTal(ϱ | µV )− BV (ψ)) + Cn

√︁
BV (ψ) ≤ Cn

√︁
δTal(ϱ | µV ).

Centered Gaussian dilations, as in [KP26, Section 4.4], show that the exponent is optimal. □

We finally test whether the potential-uniform estimate can be strengthened to an Lp density
distance. As for log-Sobolev, every power above one fails already for the Gaussian potential.

Proposition 5.4. For every n ≥ 1, 1 < p <∞, and ϵ > 0,

(5.21) inf
ϱ∈P2(Rn)

⎧⎨⎩ δTal(ϱ | γn)1/2

distLp(γn)

(︂
dϱ
dγn

,Oγn

)︂
⃓⃓⃓⃓
⃓⃓ 0 < δTal(ϱ | γn) < ϵ,

0 < distLp(γn)

(︃
dϱ

dγn
,Oγn

)︃
<∞

⎫⎬⎭ = 0.
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Proof. Once more we work in dimension one since a tensoring argument with γn−1 proves the
claim in every dimension. Fix s > p/(p− 1). For 0 < ε < 1, consider the increasing odd map

Tε(x) =

⎧⎪⎨⎪⎩
x, |x| ≤ ε−1,

sign(x)
(︁
s|x| − (s− 1)ε−1

)︁
, ε−1 < |x| ≤ 2ε−1,

x+ (s− 1)ε−1 sign(x), |x| > 2ε−1,

and define ϱε
def.
= (Tε)♯γ1. The map Tε is a bi-Lipschitz bijection, and therefore ϱε is an

absolutely continuous centered probability measure. Moreover, T ′
ε = s on {ε−1 < |x| < 2ε−1}

and T ′
ε = 1 elsewhere. Gaussian change of variables followed by integration by parts gives

(5.22) δTal(ϱε | γ1) =
ˆ

(T ′
ε − 1− log T ′

ε)dγ1.

Consequently,

(5.23) 0 < δTal(ϱε | γ1) = (s− 1− log s)γ1(ε
−1 < |x| < 2ε−1),

which tends to zero as ε ↓ 0.
Using ϱε also for its Lebesgue density, a Gaussian change of variables gives

ϱε
γ1

(Tε(x)) =
1

T ′
ε(x)

exp

(︃
Tε(x)

2 − x2

2

)︃
,

and one can check that⃦⃦⃦⃦
ϱε
γ1

⃦⃦⃦⃦p
Lp(γ1)

=

ˆ (︃
ϱε
γ1

(Tε(x))

)︃p−1

dγ1(x)

≥ s1−p√
2π

ˆ 2ε−1

ε−1

exp

(︃
(p− 1)(sx− (s− 1)ε−1)2 − px2

2

)︃
dx.

By continuity, there are constants cp > 0 and ηp ∈ (0, 1) such that⃦⃦⃦⃦
ϱε
γ1

⃦⃦⃦⃦p
Lp(γ1)

≥ cp
ε
exp

(︂cp
ε2

)︂
,

and in particular this norm tends to infinity as ε ↓ 0.
It remains to compute the distance to the set of Gaussian optimizers. If z ≥ 0, then

ezx−z
2/2 ≤ 1 on the negative half-line; if z ≤ 0, the same holds on the positive half-line. Since

ϱε/γ1 is even,⃦⃦⃦⃦
ϱε
γ1

− ezx−z
2/2

⃦⃦⃦⃦p
Lp(γ1)

≥ 1

2

ˆ (︃
ϱε
γ1

− 1

)︃p
+

dγ1 ≥ 2−p
⃦⃦⃦⃦
ϱε
γ1

⃦⃦⃦⃦p
Lp(γ1)

− 1

2
.

Taking the infimum over z shows that

distLp(γ1)

(︃
ϱε
γ1
,Oγ1

)︃
−→ ∞ as ε ↓ 0.

Together with (5.23), this gives

δTal(ϱε | γ1)1/2

distLp(γ1) (ϱε/γ1,Oγ1)
−→ 0.

For every prescribed ϵ > 0, the deficit belongs to (0, ϵ) for all sufficiently small ε, which proves
the claim in dimension one.

□

Propositions 5.2 and 5.4 are the counterparts, for log-Sobolev and Talagrand, of the zero-
infimum criterion obtained for Brascamp–Lieb in [MR25, Theorem 3.5]. They show more
than a loss of uniformity as the potential varies: for these density distances, no square-root
stability estimate in Lp, p > 1, can hold even after fixing the Gaussian potential and restricting
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to arbitrarily small deficits. Together with Propositions 5.1 and 5.3, this isolates a potential-
independent L1 stability theory generated by Prékopa–Leindler. The wave-function estimate
(5.10) belongs to a parallel L2 theory and is fully compatible with this conclusion.
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